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Abstract
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The aim of this paper is to discuss effects of deviations from hypothetized normality. Two models are
considered, one is the first pension pillar (and we consider here very small samples, which plays some
role at start of some pension system or at early phases of it) and second one of modeling for IBNR (here
we consider mid-samples). We will show that at early phases of 1 pension pillar in Slovakia the esti-
mation of upper probability of oversizing of critical constant given by Potocky and Stehlik, 2005, fits
well. For the case of IBNR reserves, the date given by Stelljes, 2006, are significantly more skewed and
thus further research is needed for appropriate modelling of these reserves.

IBNR, pension pillar, classical tests of normality, robust tests of normality, modified tests of normality

Normality is one of the most common assump-
tions made in the development and use of statisti-
cal procedures. For example, in the majority of cases
of relevant analysis is expected that returns derived
from financial time series is Gaussian normal distri-
buted random variable with constant expected value
and constant variance. The problem has not suffered
from lack of attention. There exists a vast amount of
literature on tests for normality and their statistical
properties, e.g. Anderson and Darling, 1952, Shapiro
and Wilk, 1965, etc. Some robust modifications have
been given by Gel and Gastwirth, 2008, and Brys
etal. 2004. Strelec and Stehlik, 2008, and Stehlik and
Stielec, 2009, provided a thorough study of general
version of robust tests for normality.

The aim of this paper is to illustrate the impact of
using an appropriate testing procedure for small (e.g.
less then 10 observations) and mid-samples (around
40 observations). Weillustrate thisimpact ata pay-as-
you-go pillar studied by Potocky and Stehlik, 2005,
and Potocky and Stehlik, 2007. Therein the probabi-
lity of oversizing the limiting value of pillar is stud-
ied under normality, see Potocky and Stehlik, 2007.
Potocky and Stehlik, 2007, considered the Cramer-
Lundberg model in the case of a homogeneous port-
folio with the attention focused on ruin probability
forit under both light or heavy tails. They illustrated
such situation in the setup of oversizing of the li-
miting value of the fund for the pay-as-yo-go pil-
lar in Slovakia, see also Potocky and Stehlik, 2005.

Potocky, 2007, gives further consequences for in-
surance. The second illustrating example is model-
ling of incurred but not reported (IBNR) losses. We
continue in research in sequence of papers Stelljes,
2006, Adams, 2007, and Potocky and Stehlik, 2008.

MATERIALS AND METHODS

The topic of this paper is the problem of testing
normality, i.e. problem of testing whether a sam-
ple of observations comes from a normal distribu-
tion. For normality testing we used these classical,
robust and modified normality tests: the Anderson-
Darling test (AD), the Cramer-von Mises test (CM),
the D™ Agostino test (DT), the Jarque-Bera test (JB),
the Jarque-Bera-Urzua test (JBU), the robust Jarque-
Bera test (R]B), the Lilliefors (Kolmogorov-Smirnov)
test (L(KS)), the Pearson chi-square test (PT), the di-
rected SJ test (dirS]), the Shapiro-Wilk test (SW),
the Shapiro-Francia test (SF), the standardized
Geary test (GT), the standardized Uthoff test (UT),
the directed Bonett-Seier test (dirBS), the skewness
test (SKT), the kurtosis test (KT), the medcouple test
(MC) and the modified JB, JBU, RJB and RJBU tests
(RT tests).

For instance RT, denotes the test where in all
places of ji, of the Jarque-Bera (or the Jarque-Bera-
Urzua) test statistic JB (JBU) the median is used in-
stead of arithmetic mean. Similarly RT, . denotes
the test where in all places of /i, of the robust Jarque-
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Bera (or the robust Jarque-Bera-Urzua) test statistic
RJB (RJBU) the median is used instead of arithmetic
mean. RT,, RT ., RT,  and RT, . are special cases
of generadJ version of RT test, see Stehlik and St¥elec,

20009.

RESULTS

Assumption of normality by 1% pension pillar

The problem that assets of a fund are not sufficient
to cover its liabilities is of extreme importance. Such
a situation may arise in some countries in connec-
tion with the so-called non-funded 1% pension pillar
based on pay-as-you-go principle.

Here we consider the illustrative example of claims
for the mandatory, non-funded 1 (pay-as-you-go)
pillar given by Potocky and Stehlik, 2005. Therein
is considered a closed group of Slovakian people,
all aged 50 in the year 1998, and interest is in the es-
timation of the total claim amount for this group in
the year 2010 when the members are supposed to
retire. Table I contains the salaries given from Sta-
tistical Yearbook, 2004, Labour Market, II1.3-10,
Structure of average gross nominal monthly wage
of employees in the economy of the SR. Potocky
and Stehlik, 2005, they are interested in estimation
of the probabilities P(ZY X, > C) where X, are indi-
vidual monthly claims of the members of the above-
mentioned group and C is a critical (limiting) value
of the fund representing the amount the fund has
gathered from the contributions of the active mem-
bers or from other sources. It is possible to consider
N as a constant or arandom variable as it was treated
in Potocky and Stehlik, 2005. In Potocky and Stehlik,
2007, the case that N is a random variable was con-
sidered. Then it is quite natural to choose a binomial
model for N namely N ~ bi(n, p) with n =130 000 and
p representing the probability of surviving a 50-year
person from the group to the age 62 years (such
probabilities are regularly published by Slovak Sta-
tistical Office). Then one is looking for the largest C
such that P(ZY X, > C)=p with p given in advance, e.g.
0.1 or 0.05.

I: Salaries, 1998-2002

year salary
1998 24233
1999 26 862
2000 30021
2001 31825
2002 34041

Typically it is possible to model salaries as nor-
mal variables in short-terms and lognormal at long-
terms. In Potocky and Stehlik, 2005, we have used
the normal distribution which led to the following
upper bound

_ (C/(th) - ]/t] "

p=1-o
(e}

Here @ is cdf of standardized normal distribu-
tion, C is a critical level as given above, y and o? are

parameters of normal distribution of salaries,% and
t

N, is the number of claims. In the case of Table I we
have ji =29396.4 and 6 = 3903.5.

As we can see at Table IT, normality is not rejected
by any of the given tests (classical, modified or ro-
bust). This has a conclusion, that at the early stage of
the pension first pillar the approximation (1) derived
in Potocky and Stehlik, 2005, fits very well.

IT: Test statistics and p-values for normality under the data
from Table T

test statistic p-value
JB 0.3880 0.7380
JBU 0.4851 0.8293
LT 0.1636 0.9443
PT 0.6000 0.4651
RJB 0.2370 0.7807
SJdir 0.4558 0.7753
SW 09771 09117
SF 0.9865 0.9610
GTst 0.8854 0.7429
UTst 0.5086 0.4494
BSdir -0.9944 0.6286
SKTst -0.1681 0.7768
KTst -0.5998 0.6507
MC 0.1300 0.4798
RT,, 03911 0.6883
RT,, 0.4772 0.8498
RT, 0.2746 0.7578
RT 0.6086 0.8570

RJBU

Nowletus consideradjusted datafrom (SLOVSTAT
on-line), see Table I11.

I1T: Salaries, 2000-2006, adjusted dataset

year salary
2000 29737
2001 31060
2002 34262
2003 35533
2004 34 490
2005 28 174
2006 30077
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It can be seen from Table IV one can find the tests
which are close to rejection of normality at some
size. The interpretation can be that for larger sam-
ples of wages normality is violated and we can con-
sider light-tailed claims as given in Potocky and Steh-
lik, 2007.

IV: Test statistics and p-values for normality under the data
from Table 11T

test statistic p—valuew
JB 0.7139 03748
JBU 1.5048 03658
LT 0.2261 03511
PT 3.7143 0.0897
RJB 0.4681 0.4756
SJdir -0.2972 0.9565
Sw 0.9105 0.4010
SF 0.9286 0.4917
GTst 1.7015 0.0972
UTst 1.1276 0.0869
BSdir -1.7784 09514
SKTst 0.0799 0.9039
KTst -0.8411 0.1208
MC 1.0319 0.2452
RT,, 0.7661 03353
RT,,, 1.2624 0.5181
RT,; 0.5395 0.5094
RT 1.2006 0.6012

RJBU

Assumption of normality by IBNR reserves

IBNR are insured losses that have occurred but
have not been reported to a Primary Insurance com-
pany. These types of claims have a tremendous ef-
fect on a Reinsurance treaty, which may be show-
ing a healthy profit when in reality it is losing money.
Also, the reinsurer must establish an adequate re-
serve for IBNR claims to make a correct analysis of
its business. As it is noted by Adams, 2007, and also
by Potocky and Stehlik, 2008, one should take care
about the fact that traditional nonlinear regression
assumes the error terms to be normal which is a sym-
metric distribution with a range of whole real line.
In Potocky and Stehlik, 2008, more accurate results
for confidence intervals of parameters of IBNR non-
linear model are given. Therein a cubic approxima-
tion and usage of calculus given by Potocky and Van
Ban, 1993, is employed. Incremental pure premium
data may actually be skewed and can hardly ever be
highly negative, therefore, using the normal distri-
bution is approximation at best. The aim of this il-
lustration is to show how far the distribution of IBNR
claims from normality.

As we can see from histograms and QQ plots for
Stelljes, 2006 (see Fig. 1, Fig. 2 and Fig. 3), normality
is very nonsignificant. We have conducted all tests
from previous section and we have found that nor-
mality has been strictly rejected with p = 0 except of
MC test where p = 0.008.

However, still approaches based on normality as-
sumption can be a good approximation for the pa-
rameters of IBNR nonlinear model, etc. This is how-
ever the open problem for the next research.

DISCUSSION AND SUMMARY

As we can see from Table IT, normality is not rejected by any of the given tests. This has a conclusion,
that at the early stage of the pension first pillar the approximation (1) derived in Potocky and Stehlik,
2005, fits very well. As it is noted by Adams, 2007, and also by Potocky and Stehlik, 2008, one should
take care about the fact that traditional nonlinear regression assumes the error terms to be normal
which is a symmetric distribution with a range of whole real line. Incremental pure premium data
may actually be skewed and can hardly ever be highly negative, therefore, using the normal distribu-
tion is approximation at best. The normality of IBNR claim given by Stelljes, 2006, has been rejected
by all considered tests. However, still approaches based on normality assumption can play as a good
approximation for the parameters of IBNR nonlinear model.
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Histogram of IBNR reserves
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1: Histogram of IBNR reserves
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2: QQ plot of IBNR reserves
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QQ plot standardized by the classical std dev and mean , 45 degrees line
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3: QQ plot of IBNR reserves

SOUHRN
K pfedpokladtim normality pojistnych udélosti

Cilem tohoto ¢lanku je rozebrat efekty odchylek datového souboru od hypotetické normality. Uvazu-
jeme dva modely, nejprve prvni penzijni pilif pro velmi maly po€et pozorovani, ktery miize byt uzi-
te¢ny v piipadé startu penzijniho systému nebo v jeho po&ate¢nich fazich. Druhym modelem je mo-
delovani IBNR rezerv pro stfedné velky pocet pozorovani.
K testovani normality je vyuzito ndsledujicich klasickych, robustnich a modifikovanych testti nor-
mality: Anderson-Darlingova testu (AD), Cramer-von Misessova testu (CM), D™ Agostinova testu (DT),
Jarque-Bera testu (JB), Jarque-Bera-Urzua testu (JBU), robustniho Jarque-Bera testu (R]B), Lilliefors
(Kolmogorov-Smirnov) testu (L(KS)), Pearsonova chi-kvadrit testu (PT), directed SJ testu (dirSJ), Sha-
piro-Wilkova testu (SW), Shapiro-Francia testu (SF), Gearyho testu (GT), Uthoffova testu (UT), direc-
ted Bonett-Seierova testu (dirBS), testu Sikmosti (SKT), testu Spicatosti (KT), medcouple testu (MC)
amodifikovanych JB, JBU, RJB a RJBU testu (RT testy).
Napiiklad RT oznacuje test, kde je ve viech pripadech Jarque-Bera testové statistiky JB, pripadné
Jarque-Bera-Urzua testové statistiky JBU, vyuzito medidnu misto aritmetického praméru. Obdob-
né RT, ., znadi test, kde je ve viech pFipadech robustni Jarque-Bera testové statistiky RJB, pFipadné
robustni Jarque-Bera-Urzua testové statistiky RJB, vyuzito medidnu misto aritmetického prameéru.
{{TJB, RT,, RT,;aRT  jsou pak specidlnimi piipady obecné verze RT testu (bliZze viz Stehlik a Stie-
ec, 2009).
Jak je z ¢lanku patrné, tak v p¥ipad€ prvniho penzijniho pilife se nedd normalita zamitnout, coz
umoznuje pouzit vzorec pro pravdépodobnost pfesahnuti kritické hranice z ¢lanku Potocky a Steh-
lik, 2005. Naopak v p¥ipadé IBNR rezerv se neda pFedpoklad normality pfijmout, jelikoz rozdélent
IBNR rezerv je signifikantné zedikmené, coz otevira potFebu daldiho vyzkumu pouzitelnosti normal-
nich aproximaci pro modelovani parametrt nelinedrni regrese s odezvou IBNR.

IBNR, penzijni pilit, klasické testy normality, robustni testy normality, modifikované testy normality

Research was supported by Project 51p7 "AKTION Czech Republic-Austria” Robust testing for
the normality and its applications for the economy, sports and Basel II.
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