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Abstract
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The aim of this paper is to modify the classical Jarque-Bera test and the robust Jarque-Bera test of
normality. We use the median as an estimator instead of the mean in the classical Jarque-Bera test and
in the robust Jarque-Bera test. This leads to the modified Jarque-Bera test and the modified robust
Jarque-Bera test. Paper also demonstrates results of simulation studies of power of such tests with
the various alternatives — light tailed alternatives as exponential, lognormal and gamma distribution,
heavy tailed alternatives as Cauchy, Laplace, t,, t, and logistic distributions and short tailed alterna-
tives as beta and uniform distributions. These tests of normality are also used for normality testing of
selected datasets of financial time series. Source data include logarithmic returns of monthly avera-
ge prices of Prague stock exchange index PX and monthly average prices of CZK/EUR exchange rate
in the period from 2000 to 2007.

tests of normality, Monte Carlo simulation, power comparison, financial time series, logarithmic
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The topic of this paper is the problem of testing
normality, i.e. problem of testing whether a sample
of observations comes from a normal distribution.
Normality is one of the most common assumptions
made in the development and use of statistical pro-
cedures. For example in the majority of cases of rele-
vant analysis of financial time series is expected that
returns derived from financial time series is Gaus-
sian normal distributed random variable with con-
stant expected value and constant variance.

There exists a vast literature on tests of normality
and their statistical properties (for example Ander-
son and Darling (1952), Shapiro and Wilk (1965), Lil-
liefors (1967), Jarque and Bera (1980), D" Agostino
(1986), Thode (2002), Gel, Miao and Gastwirth
(2006), Gel and Gastwirth (2007) etc.). Therefore,
we can used formal testing procedures that have
been proposed to test of normality, as well as gene-
ral goodness of fit tests, plotting methods, outliers
tests and other tests that are useful in detecting non-
normality in specialized situations. For example, to-
day the most commonly used omnibus test against
general alternatives is the Shapiro-Wilk test which

is based on expected values of the normal order sta-
tistics. However, the most popular omnibus test in
economic and finance is the Jarque-Bera test which
is based on the third and fourth sample moments.
Nevertheless we can used the other tests of nor-
mality — the D Agostino test, the Anderson-Darling
test, the Cramer-von Mises test, the Shapiro-Francia
test, the Pearson chi-square test, the directed SJ test,
the robust Jarque-Bera test or the Lilliefors (Kol-
mogorov-Smirnov) test which is the best known om-
nibus test based on empirical distribution function.

This paper is divided into four parts. In part 1,
the Jarque-Bera normality test and the robust
Jarque-Bera normality test are described as well as
the new robust normality tests are proposed. Part 2
deals with the gist of this paper - this part presents
results of comparative power study of selected tests
of normality. Consequently, we used these normality
tests for testing of selected datasets of financial time
series. In part 3, results are discussed and confronted
with previously published papers and results. The fi-
nal part of this paper is the summary.
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MATERIALAND METHODS

The most widely used test against general alter-
natives is the Shapiro-Wilk test (Shapiro and Wilk
(1965)). In contrast, the tests of normality based on
the third and fourth sample moments are not con-
sistent against all alternatives. The most popular test
based on the third and fourth sample moments in
economicsand financeisthe Jarque-Beratest (Jarque
and Bera (1980)). The Jarque-Bera test is a goodness-
of-fitmeasure of departure from normality, based on
the sample kurtosis and skewness. The Jarque-Bera
test statistic (JB) is defined as
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the k-th population central moment for any positive
integer k, X, for i = 1, ..., n is a sample of indepen-
dent and identically distributed random variables,
X is the sample estimate of first population moment

(sample mean), f; / 27 s the sample estimate of

the skewness and i, / Q5 is the sample estimate of
the kurtosis.

The Jarque-Bera test statistic follows asymptoti-
cally the chi-square distribution with two degrees of
freedom and can be used to test the null hypothesis
that the data are from anormal distribution. The null
hypothesis is a joint hypothesis of the skewness be-
ing 0 and the excess kurtosis being 0. Under the null
hypothesis of normality, the sample skewness and
kurtosis are asymptotically normally distributed
with covariance matrix defined as
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Now we can propose modification of the Jarque-
Bera test. The one possible approach is to use
the median as an estimator instead of the mean in
the classical JB test statistic. This leads to the modi-
fied Jarque-Bera test (MJB). This is a special case of
the class of MJB(i, j, k, ) test for i, j, k, I € {0,1} proposed
by Stielec and Stehlik (2008). For instance MJB(1,

1, 1, 1) denotes the test where in all places of f, of
the Jarque-Bera test statistic the median is used in-
stead of arithmetic mean. Consequently, the modi-
fied Jarque-Bera test statistic is defined as
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where m, =— Z (X —M )k is a sample estimate of
i=l1
the k-th population central moment for any positive
integerk, X, fori=1, ..., nis asample of independent
and identically distributed random variables, M is

the sample median, 771, /713 isthe sample estimate

of the skewness and 72, /3 is the sample estimate
of the kurtosis. C, and C, are positive constants. We
can obtain these constants from the Monte Carlo
simulations. Therefore, we recommend C, = 18 and
C, = 24. Conscquently, the modified Jarque-Bera test
statistic follows asymptotically the chi-square distri-
bution with two degrees of freedom, because sample
skewness and kurtosis are asymptotically normally
distributed.

Similarly, we can modify the robust Jarque-Bera
test proposed by Gel and Gastwirth (2007). The ro-
bust Jarque-Bera test statistic (RJB) is defined as
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the k-th populatlon central moment for any positive
integer k, X, for i =1, ..., n is a sample of indepen-
dent and identically distributed random variables,
X is the sample estimate of first population moment

Z|X M|forC /2 is

the average absolute dev1at10n from the sample me-

dian (MAAD) proposed by Gastwirth (1982), /, / J?
is the robust sample estimate of the skewness and

(samplemean),

iy / J? isthe robust sample estimate of the kurtosis.
C, and C, are positive constants. Gel and Gastwirth
(2007) recommend on the basis of the Monte Carlo
simulations C, = 6 and C, = 64. Consequently, the ro-
bust Jarque-Bera test statistic follows asymptoti-
cally the chi-square distribution with two degrees of
freedom.

The modified robust Jarque-Bera test (MR]B) used
the median as an estimator instead of the mean in
the classical R]B test statistics. This leads to the mo-
dified robust Jarque-Bera test. This is a special case
of the class of MR]B(j, j, k, [) test for i, j, k, | € {0, 1} pro-
posed by St¥elec and Stehlik (2008). For instance
MRJB(1, 1, 1, 1) denotes the test where in all places
of @i, of the robust Jarque-Bera test statistic the me-
dian is used instead of arithmetic mean. Conse-
quently, the modified robust Jarque-Bera test statis-
ticis defined as
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where m, = —Z(X —M )k is a sample estimate
i1
of the k-th population central moment for any posi-
tive integer k, X, fori=1, ..., nisasample of indepen-
dent and identically distributed random variables,
M is the sample median, | is the average absolute

deviation from the sample median (MAAD), f; / J]
is the robust sample estimate of the skewness and

iy / J} is the robust sample estimate of the kurto-
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sis. C, and C, are positive constants. We can obtain
these constants from the Monte Carlo simulations.
Therefore, we recommend C, = 18 and C, = 58. Con-
sequently, the modified robust Jarque-Bera test sta-
tistic follows asymptotically the chi-square distribu-
tion with two degrees of freedom, because sample
skewness and kurtosis are asymptotically normally
distributed.

To compare performance of the modified Jarque-
Bera and the modified robust Jarque-Bera tests to
existing tests of normality, in particular, the Jarque-
Bera test (JB), the robust Jarque-Bera test (R]JB),

the Shapiro-Wilk test (SW), the Shapiro-Francia test
(SF), the D" Agostino test (DT), the Anderson-Darling
test (AD), the Cramer-von Mises test (CM), the Pear-
son chi-square test (PT), the directed SJ test (S]) and
the Lilliefors (Kolmogorov-Smirnov) test (L(KS)), we
carry outasimulation study. Number of Monte Carlo
simulations is 10,000.

RESULTS

Tab.Ishows the size of the JB, M]B, RJB and MR]B
tests for various sample sizes and a = 0.05 based on
10,000 Monte Carlo simulations.

I: Size of the Jarque-Bera test (JB), the modified Jarque-Bera test (M]B), the robust Jarque-Bera (RJB) and the modified robust
Jarque-Bera test (MR]B) for o. = 0.05 based on 10,000 simulations.

sample size (1)
25 50 75 100 125 150 175 200
JB 0.0503 0.0471 0.0546 0.0439 0.0498 0.0508 0.0516 0.0484
MJB 0.0505 0.0466 0.0523 0.0443 0.0471 0.0500 0.0534 0.0453
RJB 0.0522 0.0491 0.0539 0.0446 0.0497 0.0518 0.0525 0.0504
MRJB 0.0525 0.0501 0.0537 0.0451 0.0512 0.0556 0.0572 0.0465

Tab. ITI-V show power of the selected tests of nor-
mality for sample sizes n = 25, 50, 100 and 200, re-
spectively. Consequently, Tab. VI and Fig. 1 contain
comparison of power of selected normality tests.
As can been seen from the tables IT-VI, the ranging
of considered completing tests depends heavily on
the type of tails. In the case of light tailed alternatives
(e.g. exponential, lognormal, gamma distributions)
the best test is the SW test and the worst is the di-
rected ST test, while the heavy tailed alternatives

(Cauchy, Laplace, t,, t, and logistic distributions) give
two situation: the best one test for the most heavy
tailed distributions (e.g. Cauchy, Laplace and t,) is
the ST test and for a slightly less heavy tailed alterna-
tives (e.g. logistic and t, distributions) is the best one
the RJB test. The worst one for heavy tailed alterna-
tives is the PT test. For (very) short tailed alternative
distributions as beta distribution and uniform distri-
bution is the best one the DT test and the worst one
is the SJ test.

I1: Power of the Shapiro-Wilk test (SW), the Shapiro-Francia test (SF), the Lilliefors (Kolmogorov-Smirnov) test (L(KS)),
the Anderson-Darling test (AD), the Cramer-von Mises test (CM), the Pearson chi-square test (PT), the directed S] test (S]),
the D" Agostino test (DT), the Jarque-Bera test (]B), the modified Jarque-Bera test (M]B), the robust Jarque-Bera (R]B) and
the modified robust Jarque-Bera test (MR]B) for o.=0.05 and sample size n = 25.

Cauchy | Laplace t, t logistic exp n(l)gE;al ga(trzr};; a ?2(?;? uniform

SW 0.92 031 0.41 0.22 0.13 0.92 0.98 0.65 0.07 0.29
SF 0.94 038 0.47 0.26 0.16 0.89 0.97 0.61 0.03 0.12
L(KS),,.p 0.90 0.26 031 0.15 0.09 0.70 0.88 0.41 0.05 0.12
AD_ 093 032 038 0.20 0.12 0.87 0.96 0.58 0.07 0.24

emp 093 031 036 0.19 0.11 0.82 094 0.52 0.07 0.19
PT . 0.84 0.16 0.20 0.09 0.06 0.76 0.89 035 0.06 0.10
ST omp 0.95 0.45 0.48 0.28 0.17 0.47 0.77 0.28 0.00 0.00
DT ., 0.90 032 0.44 0.25 0.16 0.69 0.88 0.47 0.05 0.24
IB_. 092 035 0.46 0.27 0.17 0.75 091 0.50 0.00 0.00
MJB_ . 091 034 0.45 0.26 0.16 0.77 093 0.52 0.00 0.00
RJB_., 0.95 0.42 0.49 0.29 0.18 0.65 0.87 0.45 0.00 0.00
MRJB_ | 0.94 0.42 0.48 0.27 0.17 0.72 091 0.49 0.01 0.00

Number of Monte Carlo simulations is 10,000.
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Now we focus to comparison of power of the JB,
M]JB, RJB and MRJB tests. The MJB and MRJB tests
outperform the classical JB and R]B tests for light
tailed skewed alternative distributions (e.g. expo-
nential, lognormal and gamma distributions), es-
pecially in small sample sizes. The MJB test shows
higher power than the JB test in detecting the expo-
nential, lognormal and gamma distributions in sam-
ples of size 25-50. In contrast, the MR]B test shows
higher power than the RJB test in detecting the ex-

ponential, lognormal and gamma distributions in
samples of size 25-75. On the other hand, the JB and
RJB tests show equal or higher power than the MJB
and MRJB tests for these alternatives in large sample
sizes.

For heavy tailed symmetric distributions (e.g.
Cauchy, Laplace, t,, t, and logistic distributions)
the MJB and MRJB tests are equal or slightly less
powerful than the JB and R]B test, especially in small
and moderate sample sizes (25 <7 <100).

TIT: Power of the Shapiro-Wilk test (SW), the Shapiro-Francia test (SF), the Lilliefors (Kolmogorov-Smirnov) test (L(KS)),
the Anderson-Darling test (AD), the Cramer-von Mises test (CM), the Pearson chi-square test (PT), the directed ST test (S]),
the D" Agostino test (DT), the Jarque-Bera test (JB), the modified Jarque-Bera test (M]B), the robust Jarque-Bera (R]B) and
the modified robust Jarque-Bera test (MR]B) for o.=0.05 and sample size n =50.

Cauchy | Laplace t, t logistic exp n(l)(;g al ga(rzr’lér)l a ](Ozftza) uniform
SW 1.00 0.53 0.63 035 0.19 1.00 1.00 0.95 0.15 0.75
SF 1.00 0.60 0.69 0.41 0.24 1.00 1.00 0.92 0.05 0.48
L(KS), .y 0.99 0.44 0.48 0.21 011 0.96 1.00 0.68 0.08 0.26
AD_ 1.00 0.55 0.61 0.29 0.16 1.00 1.00 0.88 0.14 0.58
CM,,., 1.00 0.55 0.58 0.26 0.14 0.99 1.00 0.82 0.12 0.43
PT,__ 0.98 0.27 031 0.12 0.07 098 1.00 0.63 0.07 0.18
ST e 1.00 0.72 0.73 0.43 0.25 0.72 0.94 0.42 0.00 0.00
DT . 0.99 0.49 0.64 039 0.22 0.96 1.00 0.78 0.23 0.79
JB 1.00 0.56 0.69 0.43 0.25 0.98 1.00 0.83 0.00 0.02
MJB_ 1.00 0.56 0.68 0.42 0.24 0.98 1.00 0.83 0.00 0.03
RJB_., 1.00 0.66 0.72 0.45 0.26 0.94 0.99 0.74 0.00 0.00
MRJB_ | 1.00 0.66 071 0.44 0.25 0.96 0.99 0.75 0.00 0.00

Number of Monte Carlo simulations is 10,000.

IV: Power of the Shapiro-Wilk test (SW), the Shapiro-Francia test (SF), the Lilliefors (Kolmogorov-Smirnov) test (L(KS)),
the Anderson-Darling test (AD), the Cramer-von Mises test (CM), the Pearson chi-square test (PT), the directed S test (S]),
the D" Agostino test (DT), the Jarque-Bera test (JB), the modified Jarque-Bera test (M]B), the robust Jarque-Bera (R]B) and
the modified robust Jarque-Bera test (MR]B) for o =0.05 and sample size n = 100.

Cauchy | Laplace t, t logistic exp n(l)(l)f); al ga;;r;;r)l a ](02?;8; uniform
SW 1.00 0.79 0.88 0.56 030 1.00 1.00 1.00 0.46 1.00
SF 1.00 0.84 091 0.63 036 1.00 1.00 1.00 0.22 0.97
L(KS),,., 1.00 0.70 0.73 032 0.15 1.00 1.00 0.95 0.15 0.59
AD_ 1.00 0.82 0.85 0.46 0.24 1.00 1.00 1.00 032 0.95
CM_ 1.00 0.81 0.83 0.41 0.21 1.00 1.00 0.99 0.24 0.85
PT 1.00 0.48 0.53 0.18 0.09 1.00 1.00 0.95 0.11 0.45
Stemp 1.00 0.94 093 0.65 0.41 0.90 1.00 0.62 0.00 0.00
DT, . 1.00 0.72 0.87 0.58 032 1.00 1.00 0.99 0.62 1.00
JBs 1.00 0.79 091 0.64 039 1.00 1.00 1.00 0.03 0.72
M]B,_ 1.00 0.79 091 0.63 038 1.00 1.00 0.99 0.06 0.75
RJB,., 1.00 0.88 093 0.67 0.42 1.00 1.00 0.98 0.00 0.01
MRJB_ | 1.00 0.88 093 0.66 0.42 1.00 1.00 0.97 0.00 0.01

Number of Monte Carlo simulations is 10,000.
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For short tailed alternative distributions (e.g. beta
and uniform distributions) the MJB test shows
higher or equal power than the JB test in all sample

sizes. In contrast, the MR]B test shows equal power

than the R]B test in small and moderate sample sizes
and higher power than the RJB test in large sample
sizes (125 <1 <200).

V: Power of the Shapiro-Wilk test (SW), the Shapiro-Francia test (SF), the Lilliefors (Kolmogorov-Smirnov) test (L(KS)),
the Anderson-Darling test (AD), the Cramer-von Mises test (CM), the Pearson chi-square test (PT), the directed S test (S]),
the D" Agostino test (DT), the Jarque-Bera test (JB), the modified Jarque-Bera test (M]B), the robust Jarque-Bera (R]B) and
the modified robust Jarque-Bera test (MR]B) for o =0.05 and sample size n = 200.

Cauchy | Laplace t, t, logistic exp n(l)(;rgl;al ga(t;l;l; a l();t;; uniform

SW 1.00 0.98 0.99 0.81 0.50 1.00 1.00 1.00 0.92 1.00
SF 1.00 0.98 0.99 0.85 0.57 1.00 1.00 1.00 0.74 1.00
L(KS),,., 1.00 0.95 0.94 0.53 0.25 1.00 1.00 1.00 034 0.94
AD,_. 1.00 0.98 0.98 0.74 0.41 1.00 1.00 1.00 071 1.00
CM_ . 1.00 0.98 0.98 0.68 036 1.00 1.00 1.00 0.55 1.00
PT . 1.00 0.78 0.79 0.28 0.11 1.00 1.00 1.00 0.22 0.90
Stems 1.00 1.00 1.00 0.88 0.64 0.99 1.00 0.82 0.00 0.00

o 1.00 0.94 0.99 0.82 0.51 1.00 1.00 1.00 0.97 1.00
JB_.. 1.00 0.97 0.99 0.87 0.59 1.00 1.00 1.00 0.67 1.00
MJB_ . 1.00 0.96 0.99 0.86 0.58 1.00 1.00 1.00 071 1.00
RJB,_., 1.00 0.99 1.00 0.88 0.63 1.00 1.00 1.00 0.20 0.99
MRJB_ | 1.00 0.99 1.00 0.89 0.63 1.00 1.00 1.00 031 0.99

Number of Monte Carlo simulations is 10,000.

Vla: Comparison of power of the Shapiro-Wilk test (SW), the Shapiro-Francia test (SF), the Lilliefors (Kolmogorov-Smirnov)
test (L(KS)), the Anderson-Darling test (AD), the Cramer-von Mises test (CM), the Pearson chi-square test (PT), the directed
SJtest (S]), the D" Agostino test (DT), the Jarque-Bera test (JB), the modified Jarque-Bera test (M]B), the robust Jarque-Bera
(RJB) and the modified robust Jarque-Bera test (MR]B) for o =0.05 and sample sizes n =25 and 50.

Cauchy | Laplace t, t, logistic exp n(l)grg1;al ga(ﬂzl’l;)l 2 | beta (2,2) | uniform
St o ST emo RJB_ | RJB_ | RIB_ SW SW SW AD_ SW
RJB.., [MRJB_ | SJ.. S ST SF SF SF C™M,_ . | DT
MRJB,,| RIB.,, |MRJB,|MRIB, | JBoy | ADey, | ADy, | AD,,, | SW | AD,,
SF SF SF B, |MRJB,,| CM,, emp | MIBeyy emp emp
AD_ JB... JB_ . SF SF MJB_ | MJB_ | CM_ | LKS) SF
95 CM_ . | MJB__ | MJB__|MJB_ | MJB_ | PT, _ [MRJB__| JB_ . DT, | LIKS)..,
SW DT DT DT . DT . JB... JB_., |MRJB_ SF PT
JB.s AD_ SW SwW SW |MRJB_ | PT . DT = |MRJB__|MR]JB_
MIB., | CMop eap | ADep | ADg,, | LKS),,, | LIKS),,, | RIB.,, | M]B,,, | MJB,,,
LKS)wp | SW | CM,, emp | “Mep, | DT, emp | DOKS)o | STemp | TBewp
DT . | LKS),, | LKS),, | LKS), . | LKS), .| RIB_. | RIB_ PT . RIB.., | RIB_.
Pl | PTp | PPy | PToy | PToy | STy | Sl | Slewy | JBoy | Sl
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Cauchy | Laplace t, t, logistic exp n(l)(;1g1; al ga(ﬂ;;)l 2 | beta (2,2) | uniform
ST S ST RJB, . | RIB_ SW SW SwW DT, = DT,
RJB.., | RIB_. | RIB_ . |MRJB_ |MRJB_ SF SF SF SW SW
MRJB_ |MRJB_IMRJB_ | SJ_ . ST e AD | AD_ | AD__ | AD__ | AD__
SF SF SF JB_ .o JB.. CMemD CMemD JB, .o CMemD SF
AD.p | JBey | JBew, | MIB,, | SF Plo, | JBew, | MIB,,, | LKS),, | CM,,,
50 CMemD MJB_ | MJB_ SF MJB_ . IB..o MJB_ . CMemu PT L(KS)emD
SW AD_ DT, . DT, DT __ | MJB_ | PT . DT = SF PT .
JB, | CM_ | SW SW SW | LKS), |LKS), |MRJB_ | MJB_ | MJB_
MJB_ . SW AD, | AD__ | AD__ |MR]JB | DT __ | RJB__ [MRJB_ | JB__
L(KS)emp DT . CMemp CMemD CMemD DT = |MRJB_ L(KS)emD S]mD MRJB_
DT |LKS),, | LKS),, | LKS),, |LKS), | RIB,_ | RJB_ | PT JB.., | RIB_
Plow | PTop | PT | Py | PTop | ST | STy | Sl | RIB, | Sl

VIb: Comparison of power of the Shapiro-Wilk test (SW), the Shapiro-Francia test (SF), the Lilliefors (Kolmogorov-Smirnov)
test (L(KS)), the Anderson-Darling test (AD), the Cramer-von Mises test (CM), the Pearson chi-square test (PT), the directed

STtest (S]), the D" Agostino test (DT), the Jarque-Bera test (JB), the modified Jarque-Bera test (M]B), the robust Jarque-Bera
(R]B) and the modified robust Jarque-Bera test (MR]B) for .= 0.05 and sample sizes n = 100 and 200.

Cauchy | Laplace t, t logistic exp n(1)21g1;a1 ga(;l;)l 2 | beta(2,2) | uniform
S emo ST oo S e RJB,.., |MR]JB_ SW SW SW DT . DT .
RJB_,, |MR]JB_|MRJB_IMR]JB_ | RJB_ SF SF SF SW SW
MRJB,,| RIB.., | RIBy | SJwy | Slewy, | ADey, | AD,,, | AD,, | AD,, SF
SF SF SF JB..» JB.w CM,,., CM,,., IB.p CM,., mp
ADip | ADgy | JBewp | MIB | MIB, | BTy | By | DTy SF | CM,,,
100 CM,, | €M, | MJB_ SF SF JB . MJB_ ., | €M_ |LKS) .| MIB__
sw | g8, | sw |or, |or, |ws,|er, [wMs,| e, |8,
JB., | SW | DT | sw SW | LKKS),, |LKS),, | RIB,, | MJB_ |L(KS),
MJB, | MJB, | AD, | AD_ | AD__ |MRJB_ | DT, |MRJB, | JB, | PT..
L(KS), | DT, oo | CM_ | CcM_ | DT, |MRJB_ |L(KS), |MRJB_ |MRJB_
DT, |LKS),,|LKS),, |LKS),, |LKS),, | RIB,, | RIB, | P | Sl | RIB_,
P, | Py, [ P, [P [ pr [ [siy | Sk, | RIB | ST
ST, | SL. | SL. |MRIB_ | SI. | sw SW sw | or, | DT,
RJB, |MRJB, | RIB, | RJB, | RJB, | SF SF SF SW SW
MRJB, | RJB_  |MRJB, | SJ. |MRJB_ | AD, | AD, | AD, | SF SF
s | sf | sr | m,, | B, [oM, [om, [ 1B, [aD, [ 1B,
AD, | AD_ | B, |MJB_ |MJB, | PT, | JB, | DT, |MJB. |MJB,
200l My | M., [MIB,, | sE | sF | B, |wB, | cM,, | 1B, | AD,,
sw | sw | sw | pr, | DT, |MJB, | PT. |MJB, | CM, | CM_,
5B, | 1B, | DT | Sw SW |L(KS),, |LKS),, | RIB,, |L(KS), |MRJB,
MJB, | MJB, | AD_ | AD_ | AD__ |MRJB_ | DT, |MRJB_ [MRJB_ | RJB__
LKS), |LKS), | cm, | cm, | cM, | DT, |MRJB, |L(KS), | PT, |L(KS),
DT ., DT ., | LKS),, | LKS),,, | LKS),.| RIB_ . | RIB. PT . RJB,_.., np
Pl | PTp | PO, | P | Py | Sl | STy | ST | Sl | STy
Number of Monte Carlo simulations is 10,000.
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Now we focus our attention to comparison of
power of the JB and MJB tests vs. the RJB and MRJB
tests. The JB and MJB tests show higher power than
the RJB and MR]B tests for short tailed and skewed
alternative distributions (e.g. exponential, lognor-
mal, gamma, beta and uniform distributions). In
contrast, the JB and MJB tests are less powerful than
the RJB and MRJB tests for heavy tailed alternative
distributions (e.g. Cauchy, Laplace, t,, t, and logis-
tic distributions). Finally, the RJB and MRJB tests
should be useful tests of normality for heavy tailed
alternatives, but the directed SJ test shows higher

power than the RJB and MRJB tests and might be
preferred.

Next the M]JB and MR]B tests will be used for nor-
mality testing of several datasets of financial time
series. Source data include logarithmic returns of
monthly average prices of Prague stock exchange in-
dex PX and monthly average prices of CZK/EUR ex-
change rate in the period from 2000 to 2007. Tab. VII
contains the basic sample characteristics and Fig. 2
presents histogram and QQ-plot of these financial
time series.

Cauchy Laplace
1.0
1.0 4
0.9 1
0.8 1
—SW
—sw 0.7 | S
—LT (emp)
—LT (emp) DT( emp)
0.9 1 ——DT (emp) 06 JB (emp)
JB (emp) 0.5 1 —MJB (emp)
—MJB (emp) b P
—RJB (emp) 041 MRJéemp)
—MRIB (emp)| | |03 ] (emp)
0.8 T T T T . . 0.2 i T T T T T
25 50 75 100 125 150 175 200 25 50 75 100 125 150 175 200
sample size sample size
t3 t5
1.0 10 T—gw
0.9 4 0.9 {—LT (emp)
| |—DT (emp)
0.8 0.8 JB (emp)
0.7 1 0.7 {—MJB (emp)
—Sw
1 |—RJB (emp)
06 LT (emp) 061 _MRJB (emp)
0.5 ¢ —DT (emp) 0.5
0.4 JB (emp) 0.4
| —MJB (emp) |
0.3 —_RJB (emp) 0.3
0.2 4 —MRJB (emp) 0.2
0.1 1 0.1
0.0 T T T T T T 0.0 4 T T T T T T
25 50 75 100 125 150 175 200 25 50 75 100 125 150 175 200
sample size sample size
logistic uniform
1.0 1.0
0.9 1 |—sw 0.9
0.8 { |—LT (emp) 0.8
07 1 —EJBT (emp) 0.7
em| —
0.6 A (emp) 0.6 SwW
—NMJB (emp) —LT (emp)
0.5 1 |—RJB (emp) 0.5 ——DT (emp)
0.4 1 |—MRJB (emp) 0.4 JB (emp)
0.3 4 0.3 1 —MJB (emp)
0.2 / / 0.2 1 —RJB (emp)
0.1 0.11 ——MRJB (emp)
0.0 T T T T T T 0.0 T T 7 T T T
25 50 75 100 125 150 175 200 25 50 75 100 125 150 175 200
sample size sample size




144 L. Stielec
exponential lognormal
1.0 1.0
0.9
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— emp.
0.9 1 0.8 —_ DT (emp)
0.8 - 0.7 1|—JB (emp)
—sw 0.6 {|—MJB (emp)
0.7 1 —LT (emp) 05 {|—RJB (emp)
—DT (emp) — MRJB (emp)
0.6 - JB (emp) 0.4 1
05 - —MJB (emp) 0.3 1
—RJB (emp) 0.21
0.4 1 —MRJB (emp) 0411
0.3 . . . . . . 0.0 . - . " . .
25 50 75 100 125 150 175 200 25 50 75 100 125 150 175 200
sample size sample size

1: Comparison of power of the Shapiro-Wilk test (SW), the Lilliefors (Kolmogorov-Smirnov) test (L(KS)), the D™ Agostino test
(DT), the Jarque-Bera test (JB), the modified Jarque-Bera test (M]B), the robust Jarque-Bera (RJB) and the modified robust
Jarque-Beratest (MR]B) for o =0.05 and sample sizes n = 25,50, 75,100, 125, 150, 175 and 200.

Number of Monte Carlo simulations is 10,000.

VII: Basic sample characteristic of logarithmic returns of monthly average prices of Prague stock exchange index PX and
monthly average prices of CZK/EUR exchange rate

n r 3 L. T R, S, SK, K -3
PX 95 0.0130 | 0.0160 | -0.1028 | 0.1609 | 0.2637 | 0.0513 | -0.1807 | -0.2988
CZK/EUR | 95 | -0.0033 | -0.0043 | -0.0333 | 0.0346 | 0.0679 | 0.0112 0.2976 | 03282

Note: n =nnumber of observations; ¥ = average return; ¥ = median return;
value; R = spread, s, = standard deviation; SK, = skewness; K, = kurtosis.

r =maximal value;r . =minimal
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QQ plot standardized by the classical std dev and mean , 45 degrees line

QaQ plot standardized by the classical std dev and mean , 45 degrees line

Sample Quantiles
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Theoretical Quantiles

Theoretical Quantiles

2: Histogram and QQ plot of logarithmic returns of monthly average prices of exchange rate CZK/EUR and monthly average
prices of Prague stock exchange PX in period from 2000 to 2007.

Tab. VIII contains values of test statistics and p-
values of used normality tests — the Shapiro-Wilk
test (SW), the Shapiro-Francia test (SF), the Lilliefors
(Kolmogorov-Smirnov) test (L(KS)), the Anderson-
Darling test (AD), the Cramer-von Mises test (CM),

the Pearson chi-square test (PT), the directed ST test
(S]), the D™ Agostino test (DT), the Jarque-Bera test
(JB), the modified Jarque-Bera test (M]B), the robust
Jarque-Bera (RJB) and the modified robust Jarque-
Bera test (MR]B).

VIII: Test statistics and p-values of the Shapiro-Wilk test (SW), the Shapiro-Francia test (SF), the Lilliefors (Kolmogorov-
Smirnov) test (L(KS)), the Anderson-Darling test (AD), the Cramer-von Mises test (CM), the Pearson chi-square test (PT),
the directed S] test (S]), the D" Agostino test (DT), the Jarque-Bera test (JB), the modified Jarque-Bera test (M]B), the robust
Jarque-Bera (R]B) and the modified robust Jarque-Beratest (MR]B) of logarithmic returns of monthly average prices of Prague
stock exchange index PX and monthly average prices of CZK/EUR exchange rate.

CZK/EUR PX
statistic p-value statistic p-value
asympt. emp. asympt. emp.

SW 0.9850 03542 09794 0.1392
SF 09810 0.1606 . 0.9797 0.1293 .
L(KS)emu 0.0680 0.3452 0.3388 0.0650 0.4166 0.4114
ADcn’m 0.4009 03545 03560 0.6293 0.0982 0.0974
CMemD 0.0688 0.2870 0.2864 0.0901 0.1513 0.1483
PTcmp 5.5789 0.9358 0.8806 15.9790 0.1922 0.1074
S]emD -0.2947 0.6112 0.6941 -0.1343 0.5514 0.6303

emp 2.7394 0.2542 0.2447 0.6626 0.7180 0.7129
JB.o 2.0788 03537 0.2655 0.7637 0.6826 0.6410
M]Bemp 2.5869 0.2754 0.1840 0.8316 0.6614 0.6109
R]B,,., 1.4093 0.4943 0.4065 0.6756 0.7133 0.6628
MRJB_ = 1.7386 0.4195 03431 0.7751 0.6795 0.6387

We can see that the null hypothesis of logarithmic
returns of monthly average prices of Prague stock
exchange index PX and CZK/EUR exchange rate are
not rejected at the 5% significance level. We can also
see thatthe RJBand MR]B tests show higher p-values
than the JB and MJB tests. It may be given by outly-
ing observations (see Fig. 2 - QQ plot). The JB test
shows higher p-values than the MJB test and the RJB
test shows higher p-values than the MRJB test, re-

spectively. Logarithmic returns of monthly average
prices of PX and CZK/EUR may be heavy tailed dis-
tributed, because for heavy tailed distributions (e.g.
Cauchy, Laplace, t,, t, and logistic distributions)
the MJB test is equal or slightly less powerful than
the JB test and the MRJB test is equal or slightly less
powerful than the RTB test, respectively, especially in
small and moderate sample sizes (see above).
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DISCUSSION

In this paper we modified the classical Jarque-Bera
test proposed by Jarque and Bera (1980) and the ro-
bust Jarque-Beratest proposed by Gel and Gastwirth
(2007).

We can compare our simulation results with
the results of the other studies. For example Gel and
Gastwirth (2007) present the results of the simula-
tion study to compare power of the JB, RJB, SJ and
SW tests of normality. They found that the new RJB
test performs better than the other tests in detecting
heavy tailed alternatives such as t-distribution with
three and five degrees of freedom and the logistic dis-
tribution, especially in small and moderate sample
sizes (n < 70). By contrast, for the double exponential
(Laplace) and Cauchy distributions, the directed ST
test performs better than the other tests, especially in
small and moderate sample sizes, again. In all these
cases the new RJB test is noticeably more powerful
than the JB and SW tests. For the contaminated nor-
mal distribution, the JB and R]B tests show similar

performance results. On the other hand, the SW and
SJ tests are less powerful than the JB and RJB tests.
For the exponential distribution the best perfor-
mance is shown by the SW test followed by the JB
and RJB tests. The SJ test does not perform well for
exponential distribution. Consequently, JB and SW
tests perform better than the SJ and RJB tests in de-
tecting exponential distribution. Gel and Gastwirth
(2007) also conclude that the loss in power in detect-
ing the exponential distribution is less than the gain
in power for other deviations from normality.

Our results of the JB, MJB, RJB, MR]B, SJ and SW
tests correspond with these results. The JB and MJB
tests show higher power than the RJB and MRJB
tests for short tailed and skewed alternative distribu-
tions (e.g. exponential, lognormal, gamma, beta and
uniform distributions) and, in contrast, the JB and
M]JB tests are less powerful than the RJB and MRJB
tests for heavy tailed alternative distributions (e.g.

Cauchy, Laplace, t,, t, and logistic distributions).

SUMMARY

This paper deals with comparison of power of modified Jarque-Bera normality tests and selected tests
of normality. We modify the classical Jarque-Bera test (JB) and the robust Jarque-Bera test (R]JB) - we
use the median as an estimator instead of the mean in the classical Jarque-Bera test statistic and in
the robust Jarque-Bera test statistic. This leads to the modified Jarque-Bera test (MJB) and the modi-
fied robust Jarque-Bera test (MR]B).

On the basis of Monte Carlo simulations we can concluded that the MJB and MR]B tests outperform
the classical JB and R]B tests for light tailed skewed alternative distributions (e.g. exponential, lognor-
mal and gamma distributions), especially in small sample sizes. For heavy tailed symmetric distribu-
tions (e.g. Cauchy, Laplace, t,, t, and logistic distributions) the MJB test is equal or slightly less power-
ful than the JB test and the MR]B test is equal or slightly less powerful than the R]B test, respectively,
especially in small and moderate sample sizes.

The JB and MJB tests show higher power than the RJB and MR]JB tests for short tailed and skewed al-
ternative distributions (e.g. exponential, lognormal, gamma, beta and uniform distributions) and, in
contrast, the JB and M]B tests are less powerful than the RJB and MR]JB tests for heavy tailed alterna-
tive distributions (e.g. Cauchy, Laplace, t,, t, and logistic distributions).

Finally, the RJB and MR]JB tests should be useful tests of normality for heavy tailed alternative dis-
tributions, but the directed ST test shows higher power than the RJB and MRJB tests and might be
preferred for heavy tailed symmetric alternatives. Similarly, the JB and MJB tests should be useful
normality tests for light tailed alternative distributions, but some tests, namely the Shapiro-Wilk test,
the Shapiro-Francia test, the Anderson-Darling test and the Cramer-von Mises test, are more power-
ful than the JB and MJB tests and might be preferred for light tailed alternatives. For very short tailed
alternative distributions as beta distribution and uniform distribution is the best one the D™ Agostino
test.

The paper also deals with applications of selected normality tests on datasets of selected of financial
time series (e.g. logarithmic returns derived from average monthly prices of Praque stock exchange
index PX and CZK/EUR exchange rate). Results show that hypothesis of normality was not rejected
for these financial time series, for the nominal level o = 0.05. The JB test shows higher p-values than
the MJB test and the RJB test shows higher p-values than the MRJB test, respectively.

The research was supported in part by AKTION Czech Republic — Austria.

SOUHRN
Srovnani sily modifikovanych Jarque-Bera testti a vybranych testti normality

Clanek se zabyva srovnanim sily modifikovanych Jarque-Bera testd a vybranych testt normality.
Jarque-Bera test (JB) normality a robustni Jarque-Bera test (RJB) normality byly modifikovany tak,
Ze aritmeticky primeér, jako vybérovy odhad stfedni hodnoty, byl nahrazen vyb&rovym medianem.
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Touto dpravou tak byl ziskdn modifikovany Jarque-Bera test (M]JB) a modifikovany robustni Jarque-
Bera test (MR]B).

Na zdklad& Monte Carlo simulaci bylo zjidténo, ze MJB a MR]B testy vykazuji lep3i vysledky nez kla-
sické JB a R]B testy pro pravd&podobnostni zedikmena rozlozeni s lehkymi konci (tj. pro exponen-
cialni, lognormalni ¢ gamma rozlozeni) a to pfedevsim pro malé rozsahy soubort. V pfipadé symet-
rickych pravdépodobnostnich rozloZeni s t¢zkymi konci (tj. Cauchyho, Laplaceovo, t,, t. ¢ilogistické
rozlozeni) vykazuji MJB a MR]B testy stejnou nebo mirné niz3i silu nez JB a RJB testy a to pfedeviim
pro malé a stfedné velké rozsahy soubort.

Dile JB a MJB testy vykazuji vy33i silu testu nez RJB a MR]B test pro ze3ikmend pravdépodobnostni
rozlozeni a rozloZeni s kratkymi konci (tj. exponencialni, lognormaélni, gamma, beta ¢ rovnomérné
rozlozeni). Naopak JB a MJB testy vykazuji niz3i silu nez RJB a MR]B testy pro alternativni rozlozeni
s t&zkymi konci (tj. Cauchyho, Laplaceovo, t,, t, ¢i logistické rozloZeni).

Celkové lze tedy RJB a MR]B testy povaZovat za vhodné testy pro testovani normality pro alternativni
rozlozeni s t€zkymi konci. Pro tato rozlozeni v3ak Ize s isp&chem vyuziti ST test, jelikoz vykazuje je3-
t& vy33isilu nez RJB a MRJB testy. Obdobné ze za vhodné testy pro testovani normality pro alternativ-
ni rozloZeni s lehkymi konci povaZzovat JB a M]B testy. Aviak pro tyto alternativy je vhodngji vyuzit
Shapiro-Wilkova, Shapiro-Francia, Anderson-Darlingova ¢ Cramer-von Misesova testu, které vyka-
zuji pro tyto alternativy vy33i silu nez JB a MJB testy. Pro alternativni rozloZeni s velmi kratkymi konci
jako napf. beta rozlozeni ¢i rovnomérné rozlozeni je nejvhodngjsim testem D™ Agostiniiv test.
Clanek také obsahuje aplikaci t&chto testd normality pro testovani vybranych finan¢nich ¢asovych
fad - logaritmickych cenovych zmé&n odvozenych z primérnych mési¢nich cen burzovniho indexu
PX adevizového kurzu CZK/EUR. Vysledky testt ukazuji, ze hypotéza o normalit& rozlozeni uvede-
nych souborti nebylana 5% hlading vyznamnosti zamitnuta a Ze JB a RJB testy vykazuji vy3si p-hod-
noty nez MJB a MR]B testy.

testy normality, Monte Carlo simulace, komparace sily testd, finan¢ni ¢asové fady, logaritmické ceno-
vé zmény

Vyzkum byl podporovan programem AKTION Ceska republika — Rakousko, spolupréce ve védé
avzdélani.
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