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This study focuses on the constitutive modelling of finite deformation in the commercially obtained
butter (composition is 83 % of milk fat) at the temperature 17-20 °C. The specimens from the butter
(height L,=14.6 mm and diameter 20 mm) have been compressed between two parallel metal plates at
a fixed crosshead speed 20 mm/min using of the testing device TTIRA TEST. The force Fand the de-
formation AL are measured during compression and both quantities are recorded. The experimental
records force F - displacement (deformation) were obtained. These records have been transformed
into stress—strain dependences and into true stress—true strain. The basic data on the strain behaviour
of a butter under low strain rates have been obtained. Experimental results show that the behaviour
of butter can be described by a hyperelastic material model. In this model, the quasi-static response
is defined by compressible hyperelasticity, whereby the strain energy potential is assumed to be rep-
resentable by a newly proposed polynomial series with three independent parameters. The material
parameters in the constitutive model are determined from compression test. A comparison of predic-
tions based on the proposed constitutive equation with experiments shows that the model is able to
describe the strain behaviour of the butter examined.

butter, compression, strain, stress, constitutive equation

The traditional end use of surplus milk fat is but-
ter. Its rheological properties are described in many
papers, see Enjalbert et al. (2000) for a review. Most
of these papersisfocused on some flow properties of
the butter which are typical for temperatures above
about 25 °C. At cooling temperatures (5 to 10 °C),
butter behaves like a solid and has poor spreadabi-
lity. The information about butter behaviour at tem-
peratures lying between these two regions is very
rare if not missing.

The aim of this paper consists in the study of
a proper constitutive model for butter at the tempe-
ratures between 17 (SPECIMEN 1; 3) - 20 °C (SPE-
CIMEN 2; 4). To begin with, its mechanical proper-
ties under compression, up to engineering strains
of about 80 %, are characterized experimentally.
Owing to some similarities with the experimental
results obtained for elastomeric foams (Zhang et al.,
1997) a hyperelastic constitutive relationship is for-
mulated to describe the material properties. In this
model, the quasi-static response is first defined from
the standpoint of compressible hyperelasticity.

MATERTALAND EXPERIMENTAL
TECHNIQUE

For the experiments the commercially obtained
butter has been used. Tts composition is 83 % of milk
fat. From the butter a cylindrical sample of height
L,=14.6 mm and diameter 20 mm have been pre-
pared. These specimens from the same butter have
been compressed between two parallel metal plates
at a fixed crosshead speed 20 mm/min using of
the testing device TIRA TEST. The force Fand the de-
formation AL are measured during compression and
both quantities are recorded. The force-deforma-
tion data may easily be transformed into normalized
quantities such as stress and strain. Among these
measures, the Cauchy strain and Hencky’s natural or
‘true’ strain are of common use in representing com-
pression curves. The Cauchy strain measure gives
the relative deformation with respect to the initial
sample height
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Hencky’s strain often denoted as ‘true’ strain de-
rives from the integration of the infinitesimal strain
and is given by

g,=-In [
0

The conversion of the force Finto engineering
stress is simple given by

Lo AL j =-In(l-¢).

where A is the cross section of the undeformed
specimen. In order to obtain some information on
the true stress an assumption on the material incom-
pressibility is used. The true stress is than given by

c,=o(l-¢.).

T: Parameters of the curve fitting

The transformation force-deformation data into
quantities given above have been performed using
of MATLAB software.

EXPERIMENTAL RESULTS

In Fig. 1 the examples of the experimental records
force F - displacement (deformation) are shown.
One can see a scatter of data. These records have
been transformed into stress—strain dependences —
see Fig. 2 and into true stress—true strain - sce Fig. 3.
The dependence true stress—true strain can be fitted
by apolynom:

_ 3 2
o,=ag’+be’+ce,.

The parameters a, b, c are given in the Table I.

SPECIMEN a (kPa) b (kPa) c (kPa) R?
1 0.5148 -0.4034 0.1487 0.9943
2 0.4346 -03976 0.1334 0.9985
3 05173 -0.3666 0.1016 0.9983
4 0.4003 -0.3404 0.1103 0.9992

The correlation R?is very high. The parameter ¢
corresponds to some instantaneous modulus E:

E oo,
T oe

t

le,=0=c.

As it has been remarked the obtained data are
very similar to those obtained for elastomeric foams
(Wang and Yang, 1992). Tt has been shown that these
data can be described in the framework of a hypere-
lastic constitutive relationship. The basic description
of this model is presented in the following section.

COMPRESSON TEST : BUTTER

FORCE (N)

——SPECIMEN 1
===:SPECIMEN 2

. SPECIMEN 4
B ‘ i i L 1 | 1
) 1 2 3 4 3 & ! ’
DISPLACEMENT (mm)

1: Examples of the force-displacement record
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2: Force-displacement data transformed into engineering stress—strain depen-
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COMRESSION TEST : BUTTER
2 0.05 04 0.15 0.2 0.25 0.3 0.35 0.4
TRUE STRAN (1)
3: Force - displacement data transformed into true stress—true strain dependences
PROPOSAL OF THE CONSTITUTIVE 1 oW 4 (OW oW ]
EQUATION ) A T ) A
Consider a point initially located at some position
. . . L 1 oW
X in a material. Displacement to a new position x af- ¢ =212 —— (2)
ter deformation results in a deformation gradient oI,

F defined by: F=0x/0X. Deformation of the mate-
rial can be described by the left Cauchy-Green de-
formation tensor B=(F.F"), or by the right Cauchy-
Green tensor C=(F".F), which is related to the Green
strain tensor E=(C-1)/2. The three invariants of B are

defined as

12-1r(B?)
1 2 2

Following the analysis of Rivlin (1960), the con-

stitutive relationship for an isotropic compressible

hyperelastic material can be expressed by Lockett
(1972):

,I,=det(B).

(1)

o‘=a,I+a,B+a,B.B,

where

and o° is the Cauchy stress tensor, W=(I,I,I)) is
astrain energy potential which is assumed to be rep-
resentable by a polynomial series involving (I, - 3), (1,
- 3),and I, where I, represents the effects of volume
deformation on the behaviour. It holds

W=Cy+Cy(l,-3)+ Cy (I, - 3)+ Cyy(l,- 3P ++ C (I, - 3)
(I,-3)+ Coyll, - 3P+ ...,

where C, are material parameters. For compressib-
le materials W increases while I, decreases. Hence
the following series is used for an approximation for
w:

W=LP[A,+ AL -3)+ ALl - 3) + AL - 30 +
AL =3)I, - 3) + ]+ L [A + A (1 - 3) + AT, -
3)+ Ayl -3+ 1+ L2 A, + A (T - 3) + Ay(T, - 3)
AL -3+ ]+ ... (B20).
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From the stress-strain curves of the two foams
studied, the following simplified strain energy po-
tential function is found to be suitable for describing
the material response, i.e.

W=7 [A,+ A, -3)+ A, - 3) + A, - 37+ AT, - 3]
+ L2 [A+ AL -3)+ AL, - 3)], (3)

where A, (i=0...7) are material constants determined
from tests involving one-dimensional loading. In
Eq. (3), the term (I, - 3), (I, - 3) is omitted to reduce
the number of parameters in the proposed model (a
comparison between the fitted curves and experi-
mental data shows that omission of this term does
not affect the quality of the fit). The description of
the strain energy potential function in this form, for
compressible foams, has not been previously pro-
posed. Consider the uniaxial loading of a specimen;
it is assumed that there is no deformation in the di-
rection perpendicular to that of the load application.
Let the stretch in the loading direction be denoted
by 2; consequently, the principle stretches are & =4,
L,=A,=1. The resulting deformation gradient F and
left Cauchy—Green deformation tensor B (for unia-
xial loading, B=C) are

A 00 A 00
F=101 B=FF"| 0 1 )

001 001

The invariants are therefore:

1
I=tr(B) =0+ 2L, = [12-t(B)] =212+ 1 I, =)0
The next consideration sce e.g. Attard and Hunt
(2004) for details, leads to some relationships be-
tween the constants A;:

A,=4A,+16A,) A =32A, A =4A,

1 3
A=gA, A=A

Hence, the number of independent material pa-
rameters in this model for compressible hyperelas-
ticity reduces to only three, namely A, A, and A,.
The constitutive relationship is now applied to one—
dimensional loading by combining of relationships
given above; consequently, the stress, as a function of
the stretch A is

A-1
o=

AO

2A,+8A,(30*+5) + .

2\

The relationship between stretch A and enginee-
ring strain ¢ is & = 1+ ¢. Data from the quasi-static
tests are shown in the Fig. 4.

Values of the parameters A,, A, and A, are pre-
sented in Table IT.

)\’2

2
o« =]
T T

STRESS (kPa)

COMPRESSION TEST : BUTTER

—— SPECIMEN 1
----SPECIMEN 2
----- SPECIMEN3|
““““““ SPECIMEN 4

. 1 1 1 1
%.5 0.55 0.6 0.65 0.7

0.‘75 038
STRETCH 2

0.85 0.9 0.95 1

4: Stress vs. stretch

1T: Parameters in proposed constitutive equation

SPECIMEN A, (kPa) A, (kPa) A, (kPa) R2
1 0.1838 -0.02841 ~0.007054 0.9922
2 0.1831 -0.02867 ~0.006388 0.9865
3 0.1690 ~0.02592 ~0.006812 09170
4 0.1406 ~0.02199 ~0.005100 0.9903
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CONCLUSION

The basic data on the strain behaviour of a butter
under low strain rates have been obtained. The ob-
served static response can be described by the hy-
perelasticity model based on an elastic strain energy
potential with three parameters. Tt is found that
a newly proposed polynomial series for this poten-

tial energy function adequately describes the hy-
perelastic nature of the butter. The proposed model
enables evaluation of the butter response to diffe-
rent types of loading. The next step in the develop-
ment of the presented model should incorporate
the effect of the strain rate. This research will be sub-
ject of the forthcoming papers.

SOUHRN
Konstitutivni rovnice masla pfi statickém zatézovani

Cilem této price bylo stanoveni konstitutivni rovnice mésla vzhledem k tomu, Ze vétsina publikaci se
zabyva chovanim masla pfi teplotach nad 25 °C a pfi chladicich teplotich mezi 5 a 10 °C, dat pro ob-

last teplot lezicich mezi témito hodnotami je minimum. V této praci stanoveny model je pouzitelny
pro maslo pifi teplotach 17-20 °C. Pouzity byly vzorky komeréné dostupného masla s obsahem tuku
83 %. Byla provedena experimentélni a teoreticka studia deforma¢niho chovani mésla pFi statickém
zat€zovani. Z masla byly pfipraveny vzorky v podobé& vile¢kt s vyskou 14,6 mm a pramérem 20 mm.
Vzorky byly stla¢ovany mezi dvémi paralelnimi deskami konstantni rychlosti 20 mm/min za vyuziti
piistroje TIRATEST. V prib&hu mé&feni byla stanovena a zaznamenédvanasila Fa deformace AL. Hod-
noty sila — deformace byly vyjaddFeny jako napéti a deformace. Zavislost skutetného napéti - skute¢-
né deformace je charakterizovana polynomem: o, = ae* + be > + ce,. Parametry této kiivky se pohybova-
ly v rozpéti 0,4003 az 0,5148 kPa (parametr a), -0,3404 az -0,4034 kPa (parametr b) a v rozpéti 0,1016
az 0,1487 kPa (parametr ¢) s velmi vysokym korela¢nim koeficientem (R?= 0,9943 - 0,9992). Ukazuje
se, ze deformagni chovdni masla, tzn. zévislost napé&ti - deformace, je velmi podobné prabéhu defor-
mace polymernich pé&n, jejichz chovani je popsano ovéFenymi modely. Na zdklad& této podobnosti
byla provedena analyza deforma¢niho chovani mésla v ramci modelu tzv. hyperelastického materié-
lu. Ukazuje se, ze tento model velmi dobfe popisuje ziskané experimentalni tidaje. Dany model pak
umoznuje popis chovani mésla p¥i pomalém, tzv. statickém zatézovani. Dalsim krokem bude roz3i-

feni modelu na oblast vy33ich deformagnich rychlosti.

maslo, tlakové zatéZovani, napéti, deformace, konstitutivni rovnice

SUMMARY

The aim of this paper consists in the study of a proper constitutive model for butter because most
of papers is focused on some flow properties of the butter which are typical for temperatures above
about 25 °C and for cooling temperature 5 to 10 °C, the information about butter behaviour at tem-
peratures lying between these two regions is very rare. The commercially obtained butter with 83 % of
milk fat has been used. This paper consists a proper constitutive model for butter at the temperatures
between 17-20 °C. Experimental and theoretical study of behaviour of butter at static loading was
made. Specimens - a cylindrical sample of height L =14.6 mm and diameter 20 mm have been pre-
pared from the same butter. The samples have been compressed between two parallel metal plates at
afixed crosshead speed 20 mm/min using of the testing device TIRA TEST. The force Fand the defor-
mation AL are measured during compression and both quantities are recorded. The force—deforma-
tion data may easily be transformed into normalized quantities such as stress and strain. The depen-
dence true stress—true strain can be fitted by a polynom:. Parameters of the curve fitting range from
0.4003 to 0.5148 kPa (parameter a), -0.3404 to -0.4034 kPa (parameter b) and from 0.1016 to 0.1487 kPa
(parameter c) with the correlation very high (R?= 0.9943 - 0.9992). The basic data on the strain beha-
viour of a butter under low strain rates have been obtained. The observed static response can be de-
scribed by the hyperelasticity model based on an elastic strain energy potential with three parameters.
As it has been remarked the obtained data are very similar to those obtained for elastomeric foams.
Itis found that a newly proposed polynomial series for this potential energy function adequately de-
scribes the hyperelastic nature of the butter. The proposed model enables evaluation of the butter re-
sponse to different types of loading. The next step in the development of the presented model should

incorporate the effect of the strain rate.
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