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Abstract
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This article deals with one of the important parts of applying chaos theory to fi nancial and capital 
markets – namely searching for long memory eff ects in time series of fi nancial instruments. Source 
data are daily closing prices of Central Europe stock market indices – Bratislava stock index (SAX), Bu-
dapest stock index (BUX), Prague stock index (PX) and Vienna stock index (ATX) – in the period from 
January 1998 to September 2007. For analysed data R/S analysis is used to calculate the Hurst expo-
nent. On the basis of the Hurst exponent is characterized formation and behaviour of analysed fi nan-
cial time series. Computed Hurst exponent is also statistical compared with his expected value signal-
ling independent process. It is also operated with 5-day returns (i.e. weekly returns) for the purposes 
of comparison and identifi cation nonperiodic cycles.

Hurst exponent, R/S analysis, V-statistic, logarithmic ratio, stock market index

The fi nancial market is a part of economic system. 
There are four parts of fi nancial market: bond mar-
ket, stock market, commodity market and exchange 
market. The basic information from fi nancial mar-
kets is the price. The prices are monitored in certain 
time frequency and create time series.

In comparison with other economic time series, 
the fi nancial time series have some characteristic 
properties – for example high frequency, leptokur-
tosis probability function with fat tails and a higher 
peak at the mean than the normal distribution, vola-
tility clustering etc. One of the key properties of fi -
nancial time series is long memory eff ect. Theoreti-
cally, what happens today impacts the future forever. 
In other words, current data is correlated with all 
future daily changes. In comparison short memory 
systems are characterized by using last i series val-
ues for making analysis. Long memory systems on 
the other hand are characterized by their ability to 
remember events in the long history of time series 
data and their ability to make decisions on the basic 
of such memories.

This paper is divided into four parts. In part 1, the 
Hurst process and R/S analysis is described. Part 2 

deals with the gist of this paper – results of R/S ana-
ly sis, Hurst exponent estimation and statistical com-
parison with his expected value signalling inde-
pendent process. In part 3, result are discussed and 
confronted with previously published papers and 
results. The fi nal part of this paper is the summary.

MATERIAL AND METHODS
Source data are daily closing prices of offi  cial stock 

market indices of Central Europe Stock Exchanges 
– Bratislava Stock Exchange (SAX), Budapest Stock 
Exchange (BUX), Prague Stock Exchange (PX) 
and Vienna Stock Exchange (ATX) – in the period 
from January 1998 to September 2007, or approxi-
mately 10 years of daily data, contains about 2400 
data points.

According to the original theory by British hy dro-
lo gist H. E. Hurst there are defi ned three processes 
(Hurst, 1951):

H = 0.5a)  would imply an indepedent process. This 
process would include the normal distribution 
and non-Gaussian independent processes like 
the Student t-distribution or gamma distribution 
etc.
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0.5 < H < 1b)  implies a persistent time series with 
long memory eff ects. Theoretically, what hap-
pens today impacts the future forever.
0 < H < 0.5c)  implies an antipersistence time series. 
An antipersistent system covers less distance 
than a random one.

We can use R/S analysis for calculated empiri-
cal Hurst exponent. R/S analysis is a simple process 
with these sequential steps (Peters, 1994):

Begin with a time series of prices 1. Pt registered in 
time points t = 1, 2, …, T. Convert this into a time 
series of logarithmic ratios (returns) of length N = 
T − 1:

 Pi+1xi = log  i = 1, 2, …, T − 1.
 Pi

Divide this time period into 2. m contiguous subpe-
riods of length n, such that m·n = N. For each sub-
period of length n, the average value ej is defi ned 
as:

 1 n

ej =  ∑ xij j = 1, 2, …, m.
 n i=1

The time series of accumulated departures 3. zkj 
from the mean value for each subperiod is de-
fi ned as:

 k

zkj = ∑ (xij − ej) k = 1, 2, …, n.
 i=1

The range is defi ned as the maximum minus the 4. 
minimum value of zkj within each subperiod:

Rj = max(zkj) − min(zkj) .

The sample standard deviation calculated for 5. 
each subperiod:

 ⁄ 1 n

Sj = ⁄  ∑ (xij − ej)
2.

 √ n i=1

Each range is now normalized by dividing by the 6. 
standard deviation corresponding to it.

 Rj(R/S)j =  .
 Sj

From step 2 we had m contiguous subperiods of 
length n. Therefore, the average R/S value for length 
n is defi ned as:

 1 m Rj(R/S)n =  ∑  .
 m j=1 Sj

The length 7. n is increased to the next higher value, 
and (T − 1)/n is an integer value. We use values of 
n that include the beginning and ending points of 
the time series, and steps 2 trough 6 are repeated 
until n = (T − 1)/2.

Hurst (1951) found that the distance that a ran-8. 
dom particle covers increases with the square 
root of time used to measure it, or:

(R/S)n = c·nH,

where c is constant and H is the Hurst exponent. The 
Hurst exponent can be approximated by plotting the 
log(R/S)n versus the log n and solving for the slope 
through an ordinary least squares regression. In par-
ticular, we are working from the following equation:

log(R/S)n = log c + H log n.

In general, run the regression over values of n ≥ 10, 
because small values of n produce unstable estimates 
of R/S statistic when sample sizes are small.

Calculated value of the Hurst exponent (H) is now 
compared with expected value of the Hurst exponent 
(E(H)) derivate from expected R/S values (E(R/S) n). Pe-
ters (1994) was able to derive an empirical correction 
(n − 0.5)/n to earlier formula of E(R/S) n developed by 
Anis and Lloyd (1976) and E(R/S)n is now:
for n ≤ 300, and

 n − 0.5  ⎛  π ⎞ −0.5 n−1 ⁄ (n − r)
E(R/S)n =  · ⎜ n·  ⎟ · ∑ ⁄ 
 n  ⎝  2 ⎠  r=1 √ r

for n > 300.

Because the R/S values are normally distributed 
random variables, we would expect that the values 
of H would also be normally distributed with the ex-
pected variance of the Hurst exponent:

Var(H)n = 1/T,

where T is the total number of observations in the 
sample.

In this paper, we will analyze time series of loga-
rithmic returns and AR(1) residuals of logarithmic 
returns derived from selected stock market indices. 
The AR(1) residuals are used to minimize linear de-
pendency or to reduce the result to insignifi cance 
level. First we begin with a series of logarithmic 
returns:

 Pi+1xi = log  i = 1, 2, …, T − 1.
 Pi

Then we regress xi as the dependent variable 
against xi−1 as the independent variable, and obtain 
the intercept b0, and the slope b1. The AR(1) residuals 
of xi are defi ned as:

yi = xi − (b0 − b1 · xi − 1) i = 2, 3, …, T.

For this cases (time series of logarithmic returns 
and AR(1) residuals of logarithmic returns) R/S ana-

 n − 0.5
E(R/S)n =  ·[Γ{0.5·(n − 1)}/(√π · Γ(0.5·n))]·
 n  

 n−1 ⁄ (n − r)
· ∑ ⁄ 
 r=1 √ r
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ly sis is performed, starting with step 2 of the step-by-
step guide outlined above.

RESULTS

Analysis of daily logarithmic returns
Tab. I shows R/Sn and E(R/S)n values of daily lo ga-

rith mic returns for ATX, BUX, PX and SAX series. 

Fig. 1 shows the log(R/S)n plot for daily logarithmic 
returns for ATX, BUX, PX and SAX series. Also plot-
ted is E(R/S)n as comparison against the null hy po-
the sis that the system is an independent process (see 
above). Fig. 1 also shows the V-statistic and plot it 
versus log(n). V-statistic is the ratio of R/Sn to √̄n.

I: R/S analysis of daily logarithmic returns

n log n
log(R/S)

ATX BUX PX SAX E(R/S)

10 1.0000 0.4896 0.4844 0.4902 0.4641 0.4582

12 1.0792 0.5382 0.5370 0.5371 0.5153 0.5113

15 1.1761 0.6062 0.5997 0.5990 0.5659 0.5742

16 1.2041 0.6175 0.6144 0.6231 0.5803 0.5921

20 1.3010 0.6810 0.6736 0.6698 0.6391 0.6528

24 1.3802 0.7210 0.7168 0.7283 0.6867 0.7013

25 1.3979 0.7347 0.7282 0.7387 0.7023 0.7120

30 1.4771 0.7907 0.7766 0.8005 0.7562 0.7594

32 1.5051 0.7969 0.7987 0.7969 0.7541 0.7760

40 1.6021 0.8612 0.8480 0.8677 0.8148 0.8327

48 1.6812 0.9024 0.8936 0.9155 0.8527 0.8783

50 1.6990 0.9254 0.9207 0.9331 0.8864 0.8885

60 1.7782 0.9547 0.9620 0.9788 0.9323 0.9334

75 1.8751 1.0188 1.0071 1.0274 1.0060 0.9877

80 1.9031 1.0384 1.0329 1.0536 1.0030 1.0033

96 1.9823 1.0758 1.0647 1.1119 1.0698 1.0470

100 2.0000 1.1054 1.0981 1.1321 1.0833 1.0568

120 2.0792 1.1547 1.1473 1.1947 1.1372 1.1000

150 2.1761 1.2152 1.1895 1.2393 1.1645 1.1525

160 2.2041 1.2220 1.2123 1.2521 1.1594 1.1676

200 2.3010 1.3061 1.2792 1.3202 1.2511 1.2196

240 2.3802 1.3413 1.2989 1.3533 1.2897 1.2617

300 2.4771 1.3719 1.3249 1.3809 1.3526 1.3130

400 2.6021 1.4099 1.4145 1.4537 1.4930 1.3779

480 2.6812 1.4810 1.4318 1.4562 1.5076 1.4194

600 2.7782 1.4783 1.5010 1.5457 1.5373 1.4700

800 2.9031 1.6257 1.5713 1.6506 1.7019 1.5348

1200 3.0792 1.6379 1.6721 1.6828 1.8121 1.6257
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1: R/S analysis and V-statistic – daily returns
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Tab. II shows regression results for daily logarith-
mic returns of analysed time series. The regression 
yielded H = 0.57 for ATX`s daily logarithmic returns, 
H = 0.57 for BUX`s daily logarithmic returns, H = 0.59 
for PX`s daily logarithmic returns and H = 0.63 for 
SAX`s daily logarithmic returns, respectively. Ex-
pected value of the Hurst exponent (E(H)) is 0.56. The 
variance of E(H) is 1/2400 and the standard deviation 

of E(H) is 0.02. Therefore, H value is 0.79 (ATX), 0.46 
(BUX), 1.73 (PX) and 3.72 (SAX) standard deviations, 
respectively, above its expected value – H value is in-
signifi cant, at the 95 percent level, for ATX, BUX and 
PX series, and signifi cant, at the 99 percent level, for 
SAX series. Therefore, the SAX time series follows 
persistent process with long memory eff ect.

II: Regression analysis – daily logarithmic returns

10 ≤ n ≤ 1200

ATX BUX PX SAX E(R/S)

Number of observation 28 28 28 28 28

R2 0.9974 0.9988 0.9975 0.9980 0.9993

Constant −0.0618 −0.0596 −0.0832 −0.1904 −0.0701

standard error 0.0163 0.0108 0.0164 0.0157 0.0079

t-statistic −3.7830 −5.5388 −5.0831 −12.1258 −8.8268

p-value 0.0008 0.0000 0.0000 0.0000 0.0000

Hurst exponent 0.5741 0.5673 0.5933 0.6341 0.5581

standard error 0.0082 0.0054 0.0082 0.0078 0.0040

signifi cant H vs E(H) 0.7864 0.4548 1.7273 3.7227 x

Analysis of AR(1) residuals of daily logarithmic 
returns

Tab. III shows R/Sn and E(R/S)n values of AR(1) re-

siduals of daily logarithmic returns for ATX, BUX, 
PX and SAX series. Fig. 1 also shows the log(R/S)n 
plot for these series (see above).

III: R/S analysis of AR(1) residuals of daily logarithmic returns

n log n
log(R/S) - AR(1) residuals

ATX BUX PX SAX E(R/S)

10 1.0000 0.4822 0.4748 0.4798 0.4645 0.4582

12 1.0792 0.5300 0.5260 0.5270 0.5158 0.5113

15 1.1761 0.5974 0.5879 0.5860 0.5664 0.5742

16 1.2041 0.6080 0.6012 0.6101 0.5809 0.5921

20 1.3010 0.6702 0.6594 0.6546 0.6397 0.6528

24 1.3802 0.7097 0.7012 0.7129 0.6874 0.7013

25 1.3979 0.7234 0.7123 0.7223 0.7029 0.7120

30 1.4771 0.7787 0.7606 0.7826 0.7569 0.7594

32 1.5051 0.7850 0.7815 0.7797 0.7548 0.7760

40 1.6021 0.8480 0.8310 0.8472 0.8156 0.8327

48 1.6812 0.8891 0.8752 0.8952 0.8535 0.8783

50 1.6990 0.9113 0.9010 0.9125 0.8873 0.8885

60 1.7782 0.9406 0.9425 0.9568 0.9332 0.9334

75 1.8751 1.0038 0.9868 1.0052 1.0069 0.9877

80 1.9031 1.0236 1.0126 1.0311 1.0039 1.0033

96 1.9823 1.0607 1.0442 1.0881 1.0708 1.0470

100 2.0000 1.0896 1.0769 1.1080 1.0842 1.0568
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n log n
log(R/S) - AR(1) residuals

ATX BUX PX SAX E(R/S)

120 2.0792 1.1381 1.1252 1.1707 1.1382 1.1000

150 2.1761 1.1983 1.1679 1.2142 1.1655 1.1525

160 2.2041 1.2048 1.1904 1.2268 1.1604 1.1676

200 2.3010 1.2884 1.2568 1.2944 1.2522 1.2196

240 2.3802 1.3235 1.2767 1.3269 1.2908 1.2617

300 2.4771 1.3537 1.3015 1.3542 1.3537 1.3130

400 2.6021 1.3917 1.3915 1.4263 1.4941 1.3779

480 2.6812 1.4629 1.4081 1.4289 1.5087 1.4194

600 2.7782 1.4598 1.4771 1.5175 1.5384 1.4700

800 2.9031 1.6069 1.5477 1.6222 1.7030 1.5348

1200 3.0792 1.6196 1.6484 1.6549 1.8133 1.6257

Tab. IV shows regression results for AR(1) residuals 
of daily logarithmic returns of analysed time series. 
The regression yielded H = 0.57 for ATX`s AR(1) re-
siduals, H = 0.56 for BUX`s AR(1) residuals, H = 0.58 
for PX`s AR(1) residual and H = 0.63 for SAX`s AR(1) 
residuals, respectively. Expected value of Hurst ex-
ponent (E(H)) is 0.56 and the standard deviation of 
E(H) is 0.02, again. Therefore, H value is 0.51 (ATX), 

0.12 (BUX), 1.28 (PX) and 3.74 (SAX) standard devia-
tions, respectively, above its expected value – H value 
is insignifi cant, at the 95 percent level, for ATX, BUX 
and PX series, and signifi cant, at the 99 percent level, 
for SAX series. Therefore, SAX time series contains 
“true Hurst process”, i.e. persistent process with long 
memory eff ect.

IV: Regression analysis – AR(1) residuals of daily logarithmic returns

10 ≤ n ≤ 1200

ATX BUX PX SAX E(R/S)

Number of observation 28 28 28 28 28

R2 0.9975 0.9990 0.9977 0.9980 0.9993

Constant −0.0652 −0.0656 −0.0868 −0.1903 −0.0701

standard error 0.0158 0.0101 0.0156 0.0157 0.0079

t-statistic −4.1179 −6.5253 −5.5778 −12.1388 −8.8268

p-value 0.0003 0.0000 0.0000 0.0000 0.0000

Hurst exponent 0.5684 0.5606 0.5841 0.6344 0.5581

standard error 0.0079 0.0050 0.0078 0.0078 0.0040

signifi cant H vs E(H) 0.5050 0.1219 1.2746 3.7407 x

Subperiod analysis and searching for 
nonperiodic cycles

A break in the R/S graph and V-statistic graph 
appears to be at 200 observations (log(200) ≈ 2.30) 
for ATX and BUX series and at 120 observations 
(log(120) ≈ 2.08) for PX series (see Fig. 1). This breaks 
in the R/S graph may signal nonperiodic component 
in analysed time series. Therefore, ATX and BUX 
series may contain the nonperiodic cycles with fre-
quency of approximately 200 trade days (about 10 
months) and PX series may contain the nonperiodic 
cycles with frequency of approximately 120 trade 

days (about 6 months). By contrast SAX series con-
tains long memory eff ect with infi nity frequency of 
nonperiodic cycle.

Tab. V shows regression results for ATX series. 
A break in the R/S graph and V-statistic graph ap-
pears to be at 200 observations. Therefore, we will 
run regression to estimate H for 10 ≤ n ≤ 200 and for 
200 < n ≤ 1200. In subperiod 10 ≤ n ≤ 200 the regres-
sion yielded H = 0.61 for daily logarithmic returns 
and H = 0.60 for AR(1) residuals of daily logarith-
mic returns. Expected value of the Hurst exponent 
is 0.58 with standard deviation of E(H) 0.02, again. 
Therefore, H value is only 1.49 (for logarithmic re-
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turns) and 1.11 (for AR(1) residuals) standard devia-
tions above its expected value, and is insignifi cant at 
the 95 percent level.

In subperiod 200 < n ≤ 1200 the regression yielded 
H = 0.47 for daily logarithmic returns and AR(1) re-
siduals of daily logarithmic returns too (see Tab. V). 
E(H) is 0.52. Therefore, H value is 2.66 (for logarith-

mic returns) and 2.71 (for AR(1) residuals) standard 
deviations below its expected value. This is a signifi -
cant result at the 99 percent level. There is an anti-
persistent process.

Consequently, ATX series follows an independent 
process for 10 ≤ n ≤ 200, and an antipersistent pro-
cess for 200 < n ≤ 1200.

V: Regression analysis – ATX daily returns

10 ≤ n ≤ 200 200 < n ≤ 1200

rt

AR(1) 
residuals

E(R/S) rt

AR(1) 
residuals

E(R/S)

Number of observation 21 21 21 7 7 7

R2 0.9995 0.9995 0.9995 0.9677 0.9678 1.0000

Constant −0.1204 −0.1206 −0.1059 0.2189 0.2032 0.0232

standard error 0.0077 0.0077 0.0072 0.1471 0.1466 0.0022

t-statistic −15.6399 −15.7471 −14.7925 1.4878 1.3862 10.6607

p-value 0.0000 0.0000 0.0000 0.1970 0.2243 0.0001

Hurst exponent 0.6116 0.6038 0.5812 0.4663 0.4654 0.5206

standard error 0.0045 0.0045 0.0042 0.0543 0.0541 0.0008

signifi cant H vs E(H) 1.4869 1.1064 x −2.6596 −2.7070 x

Tab. VI shows regression results for BUX series. 
A break in the R/S graph and V-statistic graph ap-
pears to be at 200 observations, again. In subpe-
riod 10 ≤ n ≤ 200 the regression yielded H = 0.60 for 
daily logarithmic returns and H = 0.59 for AR(1) re si-
duals of daily logarithmic returns. E(H) is 0.58, again. 
Therefore, H value is only 0.98 (for logarithmic re-
turns) and 0.50 (for AR(1) residuals) standard devia-
tions away from its expected value, and is insignifi -
cant, at the 95 percent level.

In subperiod 200 < n ≤ 1200 the regression yielded 
H = 0.55 for daily logarithmic returns and AR(1) re-
siduals of daily logarithmic returns too (see Tab. VI). 
E(H) is 0.52. Therefore, H value is only 1.25 (for loga-
rithmic returns) and 1.17 (for AR(1) residuals) stan-
dard deviations away from its expected value, and is 
insignifi cant at the 95 percent level, again. Regres-
sion results would imply an indepedent process.

VI: Regression analysis – BUX daily returns

10 ≤ n ≤ 200 200 < n ≤ 1200

rt

AR(1) 
residuals

E(R/S) rt

AR(1) 
residuals

E(R/S)

Number of observation 21 21 21 7 7 7

R2 0.9996 0.9996 0.9995 0.9964 0.9961 1.0000

Constant −0.1114 −0.1128 −0.1059 −0.0158 −0.0344 0.0232

standard error 0.0064 0.0062 0.0072 0.0567 0.0585 0.0022

t-statistic −17.3387 −18.0718 −14.7925 −0.2784 −0.5887 10.6607

p-value 0.0000 0.0000 0.0000 0.7918 0.5816 0.0001

Hurst exponent 0.6012 0.5915 0.5812 0.5463 0.5445 0.5206

standard error 0.0038 0.0037 0.0042 0.0209 0.0216 0.0008

signifi cant H vs E(H) 0.9796 0.5027 x 1.2562 1.1706 x

Tab. VII shows regression results for PX series. 
A break in the R/S graph and V-statistic graph ap-
pears to be at 120 observations. In subperiod 10 ≤ n ≤ 

200 the regression yielded H = 0.64 for daily logarith-
mic returns and H = 0.63 for AR(1) residuals of daily 
logarithmic returns. E(H) is 0.59 this time. Therefore, 
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H value for logarithmic returns is 2.34 standard de-
viations above its expected value, and is signifi cant 
result at the 95 percent level. For AR(1) residuals is 
H value only 1.67 standard deviations above its ex-
pected value, and is insignifi cant at the 95 percent 
level. Therefore, the time series of stock index PX 
does not contain long memory eff ect.

In subperiod 200 < n ≤ 1200 the regression yielded 
H = 0.50 around for both series, E(H) is 0.52 this time 
(see Tab. VII). Therefore, H value is 0.97 (for logarith-
mic returns) and 1.15 (for AR(1) residuals) standard 
deviations below its expected value, and is insignifi -
cant at the 95 percent level.

VII: Regression analysis – PX daily returns

10 ≤ n ≤ 120 120 < n ≤ 1200

rt

AR(1) 
residuals

E(R/S) rt

AR(1) 
residuals

E(R/S)

Number of observation 18 18 18 10 10 10

R2 0.9992 0.9991 0.9996 0.9904 0.9904 1.0000

Constant −0.1531 −0.1500 −0.1190 0.1437 0.1262 0.0136

standard error 0.0102 0.0104 0.0070 0.0639 0.0636 0.0030

t-statistic −14.9967 −14.3635 −17.0703 2.2482 1.9838 4.5226

p-value 0.0000 0.0000 0.0000 0.0547 0.0826 0.0019

Hurst exponent 0.6385 0.6248 0.5906 0.5042 0.5005 0.5240

standard error 0.0064 0.0065 0.0044 0.0248 0.0247 0.0012

signifi cant H vs E(H) 2.3479 1.6767 x −0.9734 −1.1528 x

5-day returns
Tab. VIII and IX show R/Sn and E(R/S)n values of 

5-day logarithmic returns and AR(1) residuals of 

5-day logarithmic returns for ATX, BUX, PX and 
SAX series. Fig. 2 shows the log(R/S)n plot and V-sta-
tistic plot for this series.

VIII: R/S analysis of 5-day logarithmic returns

n log n
log(R/S)

ATX BUX PX SAX E(R/S)

10 1.0000 0.5011 0.4732 0.4925 0.4730 0.4582

12 1.0792 0.5209 0.5321 0.5427 0.5282 0.5113

15 1.1761 0.6113 0.5817 0.6021 0.6058 0.5742

16 1.2041 0.6204 0.6184 0.6332 0.6220 0.5921

20 1.3010 0.6896 0.6781 0.7075 0.7039 0.6528

24 1.3802 0.7523 0.7341 0.7572 0.7539 0.7013

30 1.4771 0.8022 0.7802 0.8055 0.7900 0.7594

32 1.5051 0.8570 0.8114 0.8320 0.8032 0.7760

40 1.6021 0.9035 0.8858 0.9040 0.8820 0.8327

48 1.6812 0.9422 0.8915 0.9348 0.9115 0.8783

60 1.7782 0.9685 0.9304 0.9498 0.9693 0.9334

80 1.9031 1.0126 1.0093 1.0483 1.1169 1.0033

96 1.9823 1.0844 1.0259 1.0336 1.1322 1.0470

120 2.0792 1.0903 1.1065 1.1288 1.1772 1.1000

160 2.2041 1.2305 1.1606 1.2400 1.3291 1.1676

240 2.3802 1.2513 1.2651 1.2733 1.4382 1.2617



 Searching for long memory eff ects in time series of central Europe stock market indices 195

Tab. X and XI show regression results for 5-day 
logarithmic returns and AR (1) residuals of logarith-
mic returns of ATX, BUX, PX and SAX series. These 
results of logarithmic returns full correspond with 
results of daily series mentioned above – H value is 
insignifi cant, at the 95 percent level, for ATX, BUX 
and PX series, and signifi cant, at the 99 percent level, 
for SAX series, again.

On the other hand all diff erences between H and 
E(H) of AR(1) residuals of logarithmic returns are in-
signifi cant, at the 95 percent level – AR(1) residuals 
of SAX`s logarithmic returns including (see Tab. XI). 
Regression results would imply an indepedent 
process.

IX: R/S analysis of AR(1) residuals of 5-day logarithmic returns

n log n
log(R/S) – AR(1) residuals

ATX BUX PX SAX E(R/S)

10 1.0000 0.4927 0.4758 0.4887 0.4554 0.4582

12 1.0792 0.5109 0.5365 0.5388 0.5121 0.5113

15 1.1761 0.6012 0.5869 0.5965 0.5852 0.5742

16 1.2041 0.6101 0.6233 0.6287 0.5968 0.5921

20 1.3010 0.6783 0.6832 0.7025 0.6805 0.6528

24 1.3802 0.7388 0.7400 0.7505 0.7246 0.7013

30 1.4771 0.7888 0.7872 0.7984 0.7606 0.7594

32 1.5051 0.8440 0.8183 0.8252 0.7760 0.7760

40 1.6021 0.8894 0.8935 0.8968 0.8484 0.8327

48 1.6812 0.9274 0.8989 0.9270 0.8772 0.8783

60 1.7782 0.9538 0.9382 0.9417 0.9347 0.9334

80 1.9031 0.9979 1.0180 1.0397 1.0793 1.0033

96 1.9823 1.0694 1.0335 1.0249 1.0925 1.0470

120 2.0792 1.0751 1.1153 1.1194 1.1353 1.1000

160 2.2041 1.2150 1.1694 1.2294 1.2930 1.1676

240 2.3802 1.2345 1.2738 1.2629 1.3991 1.2617

X: Regression analysis – 5-day logarithmic returns

10 ≤ n ≤ 480

ATX BUX PX SAX E(R/S)

Number of observation 16 16 16 16 16

R2 0.9915 0.9964 0.9941 0.9971 0.9994

Constant −0.0424 −0.0544 −0.0497 −0.2074 −0.1062

standard error 0.0327 0.0212 0.0277 0.0232 0.0086

t-statistic −1.2941 −2.5705 −1.7929 −8.9325 −12.3048

p-value 0.2166 0.0222 0.0946 0.0000 0.0000

Hurst exponent 0.5641 0.5578 0.5705 0.6822 0.5809

standard error 0.0197 0.0128 0.0167 0.0140 0.0052

signifi cant H vs E(H) −0.3682 −0.5055 −0.2289 2.2184 x
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2: R/S analysis and V-statistic – 5-day returns
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XI: Regression analysis – AR(1) residuals of 5-day logarithmic returns

10 ≤ n ≤ 480

ATX BUX PX SAX E(R/S)

Number of observation 16 16 16 16 16

R2 0.9916 0.9962 0.9940 0.9964 0.9994

Constant −0.0468 −0.0542 −0.0487 −0.2090 −0.1062

standard error 0.0322 0.0217 0.0275 0.0249 0.0086

t-statistic −1.4526 −2.4988 −1.7743 −8.3984 −12.3048

p-value 0.1684 0.0255 0.0978 0.0000 0.0000

Hurst exponent 0.5587 0.5619 0.5654 0.6643 0.5809

standard error 0.0194 0.0131 0.0166 0.0150 0.0052

signifi cant H vs E(H) −0.4872 −0.4163 −0.3392 1.8268 x

Tab. XII, XIII and XIV show regression results for 
subperiods of ATX, BUX and PX series (SAX series 
may contain an infi nity cycle). A break in the R/S 
graph and V-statistic graph appears to be at 32 ob-
servations for ATX (i.e. 160 trade days) and 40 obser-

vations for BUX and PX (i.e. 200 trade days). In this 
cases diff erences between H and E(H) are insig-
nifi cant, at the 95 percent level. Regression results 
would imply an indepedent process, again.

XII: Regression analysis – ATX 5-day returns

10 ≤ n ≤ 32 32 < n ≤ 480

rt

AR(1) 
residuals

E(R/S) rt

AR(1) 
residuals

E(R/S)

Number of observation 8 8 8 8 8 8

R2 0.9942 0.9938 0.9998 0.9800 0.9797 0.9999

Constant −0.2181 −0.2170 −0.1649 0.1316 0.1220 −0.0481

standard error 0.0396 0.0404 0.0066 0.0776 0.0777 0.0058

t-statistic −5.5009 −5.3776 −25.0054 1.6948 1.5703 −8.2623

p-value 0.0015 0.0017 0.0000 0.1410 0.1674 0.0002

Hurst exponent 0.7013 0.6916 0.6268 0.4760 0.4732 0.5515

standard error 0.0310 0.0316 0.0052 0.0395 0.0395 0.0030

signifi cant H vs E(H) 1.6329 1.4195 x −1.6531 −1.7147 x

XIII: Regression analysis – BUX 5-day returns

10 ≤ n ≤ 40 40 < n ≤ 480

rt

AR(1) 
residuals

E(R/S) rt

AR(1) 
residuals

E(R/S)

Number of observation 9 9 9 7 7 7

R2 0.9984 0.9985 0.9998 0.9969 0.9967 0.9999

Constant −0.1957 −0.1997 −0.1581 −0.0227 −0.0182 −0.0416

standard error 0.0187 0.0185 0.0069 0.0384 0.0394 0.0057

t-statistic −10.4457 −10.8007 −23.0508 −0.5903 −0.4613 −7.2805

p-value 0.0000 0.0000 0.0000 0.5807 0.6639 0.0008

Hurst exponent 0.6701 0.6774 0.6210 0.5388 0.5407 0.5484

standard error 0.0142 0.0140 0.0052 0.0191 0.0195 0.0028

signifi cant H vs E(H) 1.0757 1.2361 x −0.2097 −0.1690 x
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XIV: Regression analysis – PX 5-day returns

10 ≤ n ≤ 40 40 < n ≤ 480

rt

AR(1) 
residuals

E(R/S) rt

AR(1) 
residuals

E(R/S)

Number of observation 9 9 9 7 7 7

R2 0.9987 0.9986 0.9998 0.9762 0.9763 0.9999

Constant −0.1892 −0.1867 −0.1581 0.0155 0.0149 −0.0416

standard error 0.0173 0.0180 0.0069 0.1070 0.1060 0.0057

t-statistic −10.9202 −10.3621 −23.0508 0.1452 0.1405 −7.2805

p-value 0.0000 0.0000 0.0000 0.8902 0.8938 0.0008

Hurst exponent 0.6805 0.6743 0.6210 0.5354 0.5312 0.5484

standard error 0.0132 0.0137 0.0052 0.0531 0.0526 0.0028

signifi cant H vs E(H) 1.3048 1.1686 x −0.2852 −0.3779 x

DISCUSSION
Results presented above corresponding with re-

sults of the other studies. For example for subpe-
riod 10 ≤ n ≤ 120 we fi nd the Hurst exponent of PX`s 
logarithmic returns H = 0.63. It corresponds with 
Střelec`s (2007a,b) fi ndings value of the Hurst expo-
nent for longer time series of PX stock index (from 
January 1995 to September 2007, i.e. about 3120 daily 
closing prices) – H = 0.67 for subperiod 10 ≤ n ≤ 120.

These values of Hurst exponent for PX are also not 
far from Tran (2005), who found value of Hurst ex-
ponent for period of more than 11 years from Sep-
tember 1993 to October 2004 (i.e. 2607 daily closing 
prices) H = 0.66. Because the Hurst exponent is dif-
ferent from 0.5, he described this time series as phe-
nomena of persistence. But, how signifi cant is this 
result? In our paper we found signifi cant diff erence, 
at the 95 percent level, between H and E(H) only for 
subperiod 10 ≤ n ≤ 120 of PX`s logarithmic returns. 
But for AR(1) residuals of logarithmic returns is dif-

ference insignifi cant, at the 95 percent level. The 
time series PX contains only short memory eff ect. 
Long memory eff ect is not signifi cant. Similar re-
sults were obtained by Peters (1994) for Dow Jones 
Industrial.

For the future research we can target the stabil-
ity analysis of Hurst exponent. For example we can 
suppose this idea – if the Hurst exponent is stable, 
then the diff erence between H and E(H) will also be 
stable. Therefore, we can carry out R/S analysis for 
longer time series. Consequently, if the diff erence is 
stable, we will need about 5900 observations of PX`s 
daily closing prices or about 37,600 observations of 
ATX`s daily closing prices to reject null hypothesis. 
But fi rstly there is no guarantee that this will hap-
pen, and secondly there is not so long data history – 
for example today data history of daily closing prices 
of PX contains only about 3400 observations and it is 
too little for relevant analysis.

SUMMARY
This article deals with searching for long memory eff ects in fi nancial time series. Source data are daily 
closing prices of Central Europe stock market indices – Bratislava stock index (SAX), Budapest stock 
index (BUX), Prague stock index (PX) and Vienna stock index (ATX) – in the period from January 1998 
to September 2007. For analysed data R/S analysis is used to calculate Hurst exponent. On the basis 
of the Hurst exponent is characterized formation and behaviour of analysed time series. Computed 
Hurst exponent is also statistical compared with his expected value signalling independent process.
It was concluded that diff erences between the Hurst exponent (H) and expected value of the Hurst 
exponent (E(H)) of SAX`s daily logarithmic returns and AR(1) residuals of daily logarithmic returns 
are signifi cant, at the 99 percent level, because H is about 3.7 standard deviations above its expected 
value. The other time series (e.g. ATX, BUX and PX) would imply an independent process, because 
diff erences between H and E(H) is insignifi cant at the 95 percent level. In conclusion, SAX time series 
follows a persistent process with long memory eff ect, whereas ATX, BUX and PX series follow an in-
dependent process.
For subperiod analysis was concluded that ATX series follows independent process for 10 ≤ n ≤ 200 
with Hurst exponent H = 0.61 (the diff erence from its expected value is insignifi cant, at the 95 percent 
level), and an antipersistent process for subperiod 200 < n ≤ 1200 with Hurst exponent H = 0.47 (this 
value is 2.7 standard deviations below its expected value, and is signifi cant at the 99 percent level).
On the other hand for subperiod 10 ≤ n ≤ 120 of PX`s logarithmic returns series was identifi ed statisti-
cal signifi cant diff erence, at the 95 percent level, between estimated Hurst exponent and its expected 
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value – this time series follows a persistent process with long memory eff ect. Secondly we ana ly sed 
AR(1) residuals of PX`s logarithmic returns. The AR(1) process was used to minimize short mem-
ory eff ect and linear dependency. In this case was identify the statistical insignifi cant diff erence, at 
the 95 percent level, between estimated and expected values of the Hurst exponent. According to 
these results there is no long memory eff ect in PX time series – PX time series contains linear de pen-
den cy and short memory eff ect.
Results of daily time series were verifi ed by analysis of 5-day returns. These results imply analogical 
conclusions as results of analysis of daily returns mentioned above.

This paper was written with the support of grant No. 50/2007 of In-house Grant Agency at MUAF 
in Brno

SOUHRN
Hledání efektu dlouhodobé paměti v časových řadách středoevropských burzovních 

indexů
Tento článek se zabývá identifi kací dlouhodobé paměti v procesu tvorby fi nančních časových řad. 
V práci analyzovanými časovými řadami jsou uzavírací kurzy a z nich odvozené logaritmické výnosy 
středoevropských burzovních indexů – Českého burzovního indexu PX, Maďarského burzovního 
indexu BUX, Rakouského burzovního indexu ATX a Slovenského burzovního indexu SAX – a to vše 
za období leden 1998 až září 2007. K identifi kaci dlouhodobé paměti je využito R/S analýzy a z něj 
vycházejícího Hurstova exponentu charakterizující proces tvorby časové řady. Odhadnutý Hurstův 
exponent je v práci rovněž porovnáván s očekávanou hodnotou Hurstova exponentu vycházejícího 
z předpokladu nezávislého procesu.
Na základě v práci provedené analýzy byl identifi kován persistentní proces, tj. proces s dlouhou 
pamětí, pouze v případě slovenského burzovního indexu SAX s hodnotou Hurstova exponentu 
H = 0,63, která je statisticky významně odlišná od očekávané hodnoty Hurstova exponentu. U ostat-
ních sledovaných fi nančních časových řad nebyl persistentní proces identifi kován – pouze v případě 
českého burzovního indexu PX byl u logaritmických výnosů pro interval 10 ≤ n ≤ 120 identifi kován 
statisticky významný rozdíl mezi odhadnutou a očekávanou hodnotou Hurstova exponentu nazna-
čující persistentní proces s dlouhou pamětí. Následnou analýzou, kdy byla z časové řady odstraněna 
krátkodobá složka (v práci vyjádřená procesem AR(1)), však byla tato domněnka vyvrácena, neboť pro 
AR(1) residua nebyl statisticky významný rozdíl mezi odhadnutým a očekávaným Hurstovým expo-
nentem na 5% hladině významnosti identifi kován. Uvedené tak signalizuje pouze krátkodobou pa-
měť procesu, po jejímž odstranění se časová řada chová jako nezávislý proces. Uvedené výsledky sle-
dovaných denních logaritmických výnosů byly rovněž potvrzeny analýzou 5denních logaritmických 
výnosů sledovaných časových řad.

Hurstův exponent, R/S analýza, V-statistika, logaritmický výnos, burzovní index

Tento článek byl napsán za podpory grantu č. 50/2007 Interní grantové agentury MZLU v Brně.
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